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Abstract
The complexified Z/2-graded C∞-Algebraic Geometry aspect of a superspace(-time) X̂
in Sec. 1 of D(14.1) (arXiv:1808.05011 [math.DG]) together with the Spin-Statistics Theorem
in Quantum Field Theory, which requires fermionic components of a superfield be anticom-
muting, lead us to the notion of towered superspace(-time) X̂̂ and the built-in purely even
physics sector Xphysics from X̂̂. We use this to reproduce the d = 3 + 1, N = 1 Wess-
Zumino model and the d = 3 + 1, N = 1 supersymmetric U(1) gauge theory with matter
— as in, e.g., Chap. V and Chap. VI & part of Chap. VII of the classical Supersymmetry &
Supergravity textbook by Julius Wess and Jonathan Bagger — and, hence, recast physicists’
two most basic supersymmetric quantum field theories solidly into the realm of (complex-
ified Z/2-graded) C∞-Algebraic Geometry. Some traditional differential geometers’ ways
of understanding supersymmetric quantum field theories are incorporated into the notion
of a purge-evaluation/index-contracting map P : C∞(Xphysics) → C∞(X̂) in the setting.
This completes for the current case a C∞-Algebraic Geometry language we sought for in
D(14.1), footnote 2, that can directly link to the study of supersymmetry in particle physics.
Once generalized to the nonabelian case in all dimensions and extended N ≥ 2, this pre-
pares us for a fundamental (as opposed to solitonic) description of super D-branes parallel
to Ramond-Neveu-Schwarz fundamental superstrings
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(From C.H.L.) There are memories that are too abundant to condense and too cherished and personal to reveal.
A seemingly accidental encounter in my teenage years, which turned out to have profound impact on me. The
motherly love to me from Mrs. Willman and the friendship this family, including Ann and Lisa, had provided
me with turned a rebellious, unresting teenager from an almost high-school dropout to a researcher. The fact
that Rev. Willman, graduated from University of California at Berkeley with a degree in biology, gave up a more
earthly pursuit to answer what he regarded as a higher call made a great impact on my mind. There is not a word
with which I can express my gratitude to this family just like there is not a word I can use to express my gratitude
to my own parents and family. The current work has equal weight to D-project as D(14.1) and, together, they
completed our first step toward dynamical supersymmetric D-branes along the line of Ramond-Neveu-Schwarz
superstring. It is thus dedicated to this family.
d = 3 + 1, N = 1 Superspace-Time and SQFT from Tower Construction
0. Introduction and outline
In Section 1 of [L-Y1] (D(14.1), arXiv:1808.05011 [math.DG]) a d = 3 + 1, N = 1 superspace-
time X̂ = (X, ÔX) was constructed from the aspect of complexified Z/2-graded C∞-Algebraic
Geometry. In this work1, we extend the construction ibidem so that both the nature of a
superspace-time from complexified Z/2-graded C∞-Algebraic Geometry and the matching of
spin and statistics required of fields from Quantum Field Theory can be consistently taken
into account and harmoniously built into the construction. While, as complexified super C∞-
schemes, the towered superspace X̂̂ fibers over X̂ in [L-Y1] (D(14.1)) with a canonical section
and a canonical flat connection, it has a new sector, i.e. the physics sector Xphysics , whose
structure sheaf OphysicsX comes from superfields in the sense of physicists, e.g., Abdus Salam &
John Strathdee [S-S] (1978), and Julius Wess & Jonathan Bagger [W-B] (1992), polished to
take into account the unavoidable mathematical consequences of nilpotency of component fields
once the spinorial component fields are assumed to be anticommuting and hence nilpotent. As
a locally-ringed space, Xphysics turns out to be a complexified C∞-scheme in its own right; in
particular, it is purely even. For this reason, the parity of many physically relevant objects on
the towered superspace X̂̂ become purely even. In such situations, the sign-factor issues one
has to deal with in [L-Y1] (D(14.1)) due to the Z/2-grading are all gone and classical formulae
in physics literature on supersymmetry become valid when suitably interpreted via a purge-
evaluation map from OphysicsX to ÔX . To demonstrate the validity of above tower construction
from complexified Z/2-graded C∞-Algebraic Geometry to describe particle physicists’ notion of
superspaces and supersymmetric quantum field theories, the notion of d = 3 + 1, N = 1 chiral
superfields and antichiral superfields and the construction of d = 3 + 1, N = 1 supersymmetric
chiral matter theory and U(1) gauge theory in Chap. V and Chap. VI of the standard textbook
[W-B] of Wess & Bagger are re-done on X̂̂. This completes for the current case a C∞-Algebraic
Geometry language we sought for in [L-Y1: footnote 2] (D(14.1)) that can directly link to the
study of supersymmetry and supersymmetric quantum field theory in particle physics.
Once generalized to the nonabelian case in all dimensions with extended N ≥ 2 supersymme-
try, this prepares us for a fundamental (as opposed to solitonic) description of super D-branes
parallel to Ramond-Neveu-Schwarz fundamental superstrings
Convention. Same as [L-Y1] (D(14.1)). In particular, references for standard notations, ter-
minology, operations and facts are (1) algebraic geometry: [Hart]; C∞-algebraic geometry:
[Joy]; (2) spinors and supersymmetry (mathematical aspect): [Ch], [De], [D-F1], [D-F2], [Fr],
[Harv], [S-W]; (3) supersymmetry (physical aspect, especially d = 4, N = 1 case): [W-B],
[G-G-R-S], [We]; also [Argu], [Argy], [Bi], [St], [S-S].
1Special acknowledgements from C.H.L. It’s a pure coincidence, and a God-given luck to us, that in fall
semester 2018 Girma Hailu gave once again the topic course Physics 253cr Quantum Field Theory III on super-
symmetry [Hai] at Department of Physics, Harvard University, just after we had completed [L-Y1] (D(14.1)) in
August. This is the second time I sat in his topic courses on supersymmetry, (the first time in fall semester 2013).
With half of the story (i.e. the complexified Z/2-graded C∞-Algebraic Geometry side) more solidly in mind as the
reference point, we have some slight intellectual leisure to pay more attention to what we had still missed from the
physics side. It is his lectures on supersymmetry, two after-class long discussions, and one email communication
that propelled us to re-examine what we had taken as the foundation, i.e. superspaces, for the construction of a
theory of fermionic D-branes along the line of the Ramond-Neveu-Schwarz superstrings and, in the end, led to
the tower construction of superspaces in this work, which upgrades and simplifies [L-Y1] (D(14.1)) tremendously.
Despite his generosity to stay behind the scene, we regard him as a hidden coauthor who nourished the current
work. Sec. 1.2 is particularly attributed to him.
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1 The d = 3 + 1, N = 1 towered superspace-time and its physics
sector
1.1 Supermanifolds in the sense of complexified Z/2-graded C∞-Algebraic
Geometry
The notion of supermanifolds in the sense of complexified Z/2-graded C∞-Algebraic Geometry
and a few basic objects we need are recalled in this subsection for the introduction of terminology
and notations. Details are referred to [L-Y1: Sec. 1] D(14.1).
Definition 1.1.1. [supermanifold/superscheme] Given a (real smooth) manifold (in gen-
eral, C∞-scheme) M , denote its structure sheaf of smooth functions by OM and its complex-
ification OCM := OM ⊗R C (i.e. the sheaf of complex-valued smooth functions on M). For
any OCM -module F of finite rank, one can construct a complexified Z/2-graded C∞-scheme (i.e.
supermanifold)
M̂ := (M, ÔX)
from F by taking the new structure sheaf on M to be the exterior OCM -algebra generated by F :
ÔM :=
∧•
O CMF .
This a locally-ringed space with the underlying topology M . We shall call F the generating
sheaf of the supermanifold. This is a Z/2-graded OCM -algebra with the even part and the odd
part given respectively by
Ô evenM :=
∧even
O CM F , Ô
odd
M :=
∧odd
O CMF .
The C∞-hull of ÔM is given by
C∞-hull (ÔM ) := OM ⊕
∧ even,≥2
O CM
⊂ ÔM .
C∞-hull (ÔM ) is a sheaf of C∞-rings. This, by definition, gives a partial C∞-ring structure on
ÔM . The set Γ(•) of global sections of these structure sheaves (•) on M are denoted by
C∞(M) , C∞(M)C , C∞(X̂) , C∞-hull (C∞(X̂))
respectively. Each carries a corresponding complexified, Z/2-graded, C∞-or-partial-C∞-algebraic
(whichever applicable) structure.
Definition 1.1.2. [(left) derivation of C∞(M̂)] (Cf. [L-Y1: Definition 1.3.2, footnote 7]
(D(14.1)).) A (left) derivation of C∞(M̂) over C is a Z/2-graded C-linear operation
ξ : C∞(M̂)→ C∞(M̂) on C∞(M̂) that satisfies the Z/2-graded Leibniz rule
ξ(fg) = (ξf)g + (−1)p(ξ)p(f)f(ξg)
when in parity-homogeneous situations. The set Der C(M̂) := Der C(C
∞(M̂)) of derivations
of C∞(M̂) is a (left) C∞(M̂)-module, with (aξ)( · ) := a(ξ( · )) and p(aξ) := p(a) + p(ξ) for
a ∈ C∞(M̂) and ξ ∈ Der C(M̂).
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Definition 1.1.3. [differential of C∞(M̂)] (Cf. [L-Y1: Definition 1.3.6, footnote 10] (D(14.1)).)
The bi-C∞(M̂)-module Ω
M̂
:= Ω
C∞(M̂) of differentials of C
∞(M̂) over C is the quotient of the
free bi-C∞(M̂)-module generated by d(f), f ∈ C∞(M̂), by the bi-C∞(M̂)-submodule of relators
generated by
(1) [C-linearity ] d(c1f1 + c2f2)− c1d(f1)− c2d(f2) , for c1, c2 ∈ C, f1, f2 ∈ C∞(M̂);
(2) [Leibniz rule ] d(f1f2)− (d(f1))f2 − f1d(f2) , for f1, f2 ∈ C∞(M̂);
(3) [chain-rule identities from the C∞-hull structure ]
d(h(f1, · · · , fl))−
l∑
k=1
(∂kh)(f1, · · · , fl) d(fk)
for h ∈ C∞(Rl), f1, · · · , fl ∈ C∞(C∞-hull (C∞(M̂))) ⊂ C∞(M̂); here, ∂kh is the partial
derivative of h ∈ C∞(Rl) with respect to the k-th argument.
The element of Ω
M̂
associated to d(f), f ∈ C∞(M̂), is denoted by df . Using Relators (2), one
can convert Ω
M̂
to either solely a left C∞(M̂)-module or solely a right C∞(M̂)-module.
A differential of C∞(M̂) is also called synonymously a 1-form on M̂ .
By construction, there is a built-in map d : C∞(M̂)→ Ω
M̂
defined by f 7→ df .
Convention 1.1.4. [cohomological degree vs. parity ] (Cf. [L-Y1: Convention 1.3.5, footnote 9]
(D(14.1)).) We treat elements f of C∞(M̂) as of cohomological degree 0 and the exterior
differential operator d as of cohomological degree 1 and even. In notation, c.h.d (f) = 0 and
c.h.d (d) = 1, p(d) = 0. Under such (Z× (Z/2))-bi-grading,
ab = (−1)c.h.d(a) c.h.d(b)(−1)p(a)p(b)ba
for objects a, b homogeneous with respect to the bi-grading. Here, a and b are not necessarily
of the same type. This is the convention that matches with the sign rules in [W-B: Chap. XII,
Eq.’s (12.2), (12.3)] of Wess & Bagger.
Lemma 1.1.5. [evaluation of Ω
M̂
on Der C(M̂) from the right] (Cf. [L-Y1: Lemma 1.3.7,
footnote 11] (D(14.1).)) The specification
(df)(ξ) := (ξ)←(df) := ξ(f)
for f ∈ C∞(M̂) and ξ ∈ Der C(M̂), defines an evaluation of ΩM̂ on Der C(M̂) from the right:
for $ =
∑k
i=1 ai dfi ∈ ΩM̂ , with ai parity-homogeneous, and ξ ∈ Der C(M̂) parity-homogeneous,
$(ξ) := (ξ)←$ :=
k∑
i=1
(−1)p(ξ)p(ai)ai ξ(fi) .
This evaluation is (left) C∞(M̂)-linear: $(aξ) = a$(ξ), for a ∈ C∞(M̂).
Higher tensors, in particular k-forms, on M̂ can also be defined. See [L-Y1: Sec. 1.3] (D(14.1))
for more details on the differential calculus on M̂ .
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1.2 What should the function-ring of a superspace be: naturality from C∞-
Algebraic Geometry aspect vs. naturality from Quantum Field Theory
aspect
Given the 4-dimensional Minkowski space-time X = R3+1. Let
· P be the Lorentzian frame bundle over X with the (flat) Levi-Civita connection,
· S C = S′ ⊕ S′′ be the complexified Dirac-spinor bundle from the spinor representation of
the Lorentz group, SC,∨ = S′ ∨ ⊕ S′′ ∨ be the dual of S C. The corresponding sheave are
denoted by S C, S ′, S ′′ and S C,∨, S ′ ∨, S ′′ ∨ respectively. These spinor bundles and sheaves
are all equipped with a flat connection induced from that on P .
A ‘d = 3+1, N = 1 superspace’ is meant to be a supermanifold/superscheme in the sense of Defi-
nition 1.1.1 with the underlying topology M = X and the generating sheaf F “coming from” one
copy of S C, or S C∨ to provide “one set of fermionic/anticommuting coordinates (θ1, θ2, θ¯1˙, θ¯2˙)
on the superspace”. In this subsection, we shall re-examine the notion of ‘superspace’ based on
this definition and guided by the question
Q. [guiding/key] What should the function ring of a d = 3 + 1, N = 1 superspace be?
with care not only from the complexified Z/2-graded C∞-Algebraic Geometry but also from the
Quantum Field Theory.
Naturality from the complexified Z/2-graded C∞-Algebraic Geometry aspect
In [L-Y1: Sec. 1.2] (D(14.1)) a d = 3 + 1, N = 1 superspace X̂ was constructed as a super C∞-
scheme with complexification. There we took M = X, F = S C,∨.2 A tuple of constant sections
(θ, θ¯) := (θ1, θ2, θ¯1˙, θ¯2˙) from S ′ ∨ ⊕ S ′′ ∨ with respect the built-in flat connection was chosen to
serve as the fermionic coordinate functions on the superspace X̂. Together with the standard
coordinate functions x := (x0, x1, x2, x3) on X, they generate (in the sense of complexified
Z/2-graded C∞-ring ) the function ring
C∞(X̂) = C∞(X)C[θ1, θ2, θ¯1˙, θ¯2˙]anti-c
of X̂. Here [ · · · ]anti-c means ‘polynomial ring (with coefficients in C∞(X)C) in anticommuting
variables · · · ’. Mathematically from pure algebra, whatever ring that contains both C∞(X)C
and θ1, θ2, θ¯1˙, θ¯2˙ must contain C∞(X)C[θ1, θ2, θ¯1˙, θ¯2˙]anti-c, despite the fact that as P -modules,
the corresponding structure sheaf contains not just Lorentz scalars:
ÔX :=
∧•
O CX (S
′ ∨ ⊕ S ′′ ∨)
' OCX ⊕ (S ′ ∨ ⊕ S ′′ ∨)⊕ (OCX ⊕ S ′ ∨ ⊗O CX S
′′ ∨ ⊕OCX)⊕ (S ′ ∨ ⊕ S ′′ ∨)⊕OCX .
2See [L-Y1: footnote 4 in Sec.1˙.2] for an explanation of S C vs. S C,∨. In ibidem, to avoid carrying the dual
‘ ∨ ’ everywhere and enough for the purpose there, we actually chose F = SC instead of SC,∨ for the simplicity of
notation. For the current work, such distinction matters and we resume what it should be; cf. [L-Y9] (D(11.4.1))
in Reference of ibidem. It turns out that the choice F = S C,∨ also matches better the convention in [W-B:
Appendix A] of Wess & Bagger since we write fermionic/anticommuting coordinates with upper spinor index
(θ1, θ2, θ¯1˙, θ¯2˙), rather than lower spinor index.
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Note also that an f ∈ C∞(X̂) in the (θ, θ¯)-expansion3
f = f(0) +
∑
α
θαf(α) +
∑
β˙
θ¯β˙f(β˙) + θ
1θ2f(12) +
∑
α,β˙
θαθ¯β˙f(αβ˙)
+ θ¯1˙θ¯2˙f(1˙2˙) +
∑
β˙
θ1θ2θ¯β˙f(12β˙) +
∑
α
θαθ1˙θ2˙f(α1˙2˙) + θ
1θ2θ1˙θ2˙f(121˙2˙)
has all its coefficients f(•) ∈ C∞(X)C and, hence, commuting.
Naturality from the Quantum Field Theory aspect
For distinction, denote the would-be superspace by ?X̂ and its function ring by C∞(?X̂). Then
it follows from the discussion in the previous theme that
C∞(?X̂) ⊃ C∞(X)C[θ1, θ2, θ¯1˙, θ¯2˙]anti-c .
If we insist that ?X̂ be an N = 1 superspace, i.e. the tuple (θ1, θ2, θ¯1˙, θ¯2˙) remains to serve
as a maximal tuple of fermionic coordinates on ?X̂, then it is natural to assume that every
f˘ ∈ C∞(?X̂) remains to have an expansion in (θ, θ¯):
f˘ = f˘(0) +
∑
α
θαf˘(α) +
∑
β˙
θ¯β˙ f˘(β˙) + θ
1θ2f˘(12) +
∑
α,β˙
θαθ¯β˙ f˘(αβ˙)
+ θ¯1˙θ¯2˙f˘(1˙2˙) +
∑
β˙
θ1θ2θ¯β˙ f˘(12β˙) +
∑
α
θαθ1˙θ2˙f˘(α1˙2˙) + θ
1θ2θ1˙θ2˙f˘(121˙2˙) .
The question is now
Q. [coefficients in (θ, θ¯)-expansion] If a coefficient f˘(•) of an f˘ ∈ C∞(?X̂) does not lie in
C∞(X)C, then in where should it lie?
In constructing X̂ as a complexified Z/2-graded C∞-scheme in [L-Y1: Sec. 1.2], we have used all
what mathematics can offer. The answer to the above question thus has to come from insights
from physics.
From the Quantum Field Theory aspect, a physics-relevant element (i.e. physics superfield)
f˘ in C∞(?X̂) must satisfy the following two basic requirements
(1) [Lorentz scalar ] f˘ be a Lorentz scalar, i.e. f˘ be a section of a trivial P -module
over X.
(2) [Spin-Statistics Theorem ] Bosons be commuting and fermions be anticommuting.
Since we take θα ∈ S ′ ∨ and θ¯β˙ ∈ S ′′ ∨, Condition (1) suggests that
· f˘(α) ∈ S ′ and f˘β˙ ∈ S ′′; and f˘(α1˙2˙) and f˘(12β˙) lie in some isomorphic copy of S ′, S ′′
respectively.
Condition (2) then comes along to imply that
3Here, since f(•) are commuting, one can write the coefficients either on the right or on the left. We choose to
write them on the right in order to match better with the later setting when we allow anticommuting coefficients
as well.
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· The coefficients f˘(α), f˘β˙, f˘(α1˙2˙), f˘(12β˙) in the (θ, θ¯)-expansion of f˘ are themselves anti-
commuting. In other words, they take values on some Grassmann numbers as well. This
renders f˘ purely even(!). Furthermore, as the notation suggests, we require that
∂
∂θα
f˘(•) =
∂
∂θ¯β˙
f˘(•) = 0
for all component fields f(•) in the expansion. In particular, while the fermionic component
fields take values on Grassmann numbers, they are independent of the existing fermionic
coordinates (θ, θ¯).
Clearly, such an f˘ cannot lie in C∞(X̂): The sought-for C∞(?X̂) is definitely larger than C∞(X̂)
constructed.
Q. [C-Z/2-C∞-AG + QFT=?] Can one take the naturality from Quantum Field Theory
aspect also into account in the construction of a superspace?
(Cf. [L-Y1: footnote 2] (D(14.1)).)
In the next subsection, we will take X̂ as the foundation and the starting point — since it
must be there mathematically — and extend over it to answer the above question affirmatively.
1.3 The d = 3 + 1, N = 1 towered superspace-time X̂ ̂l
We now proceed in two steps to answer Question [C-Z/2-C∞-AG + QFT=?] in Sec. 1.2. For
the first step, physicists should be aware that when one tries to extend C∞(X̂) to another
complexified Z/2-graded C∞-ring C∞(?X̂) by adding ‘something’, not only ‘something’ appears
in the new ring but also all those objects from taking C∞-closure come in as well. No surprise
that not all the elements in C∞(?X̂) have physical meaning, but their inclusion is a mathematical
must. And, hence, we have to allow them. This is completed in this subsection. Then comes
the second step: the identification of those elements in C∞(?X̂) that are physical and the
justification that they are even and do form a compexified C∞-ring. This is completed in the
next subsection.
The d = 4, N = 1 towered superspace X̂̂l with l field-theory levels
Recall the Weyl-spinor sheaves S ′ and S ′′ and their dual S ′ ∨, S ′′ ∨ at the beginning of Sec. 1.2.
Definition 1.3.1. [d = 4, N = 1 towered superspace X̂̂l with l field-theory levels] The
complexified Z/2-graded C∞-scheme
X̂̂l := (X, Ô ̂lX ) := (X,
∧•
O CXF)
with
F := (S ′ ∨coordinates ⊕ S ′′ ∨coordinates)⊕ (S ′ ∨parameter ⊕ S ′′ ∨parameter )⊕
⊕l
i=1(S ′field,i ⊕ S ′′field,i)
is called the d = 4, N = 1 towered superspace with l field-theory levels. Here, all S ′• (resp. S ′′• ,
S ′ ∨• , S ′′ ∨• ) are copies4 of S ′ (resp. S ′′, S ′ ∨, S ′′ ∨). When l is implicit in the problem, we will
denote X̂̂l simply by X̂̂.
4Mathematically this means that S ′ ∨coordinates is isomorphic to S ′ ∨ with a fixed isomorphism; and similarly for
all other spinor sheaves that appear as direct summands of F .
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Note that, as an OCX -modules,
Ô ̂X =
∧•
O CX (S
′ ∨
coordinates ⊕ S ′′ ∨coordinates)
⊗O CX
∧•
O CX (S
′ ∨
parameter ⊕ S ′′ ∨parameter )⊗O CX
⊗
O CX
l
i=1
∧•
O CX (S
′
field,i ⊕ S ′′field,i) .
Definition/Explanation 1.3.2. [levels of X̂̂l] (1) The d = 4, N = 1 superspace X̂ con-
structed in [L-Y1: Definition 1.2.5] is given by
X̂ := (X, ÔX :=
∧•
(S ′ ∨coordinates ⊕ S ′′ ∨coordinates))
in the current context; (cf. [L-Y1: footnote 4] (D(14.1))). Any collection of complex con-
jugate generating constant global sections, denoted collectively as (θ, θ¯) := (θ1, θ2; θ¯1˙, θ¯2˙), of
S ′ ∨coordinates ⊕ S ′′ ∨coordinates serves as the fermionic coordinate functions on X̂, ([L-Y1: Definition
1.2.5] (D(14.1))). This explains the subscript ‘coordinates’ in S ′ ∨coordinates ⊕ S ′′ ∨coordinates. X̂ is called
the fundamental level or the ground level of X̂̂l .
(2) When physicists working on supersymmetry introduce ‘Grassmann number’ parameter
(η, η¯) := (η1, η2, η¯1˙, η¯2˙) in their computation, these ‘Grassmann number’ parameter are meant
to be independent of anything else. Thus, they should be thought of as constant sections of
another copy of S ′ ∨⊕S ′′ ∨.5 This explains the subscript ‘parameter ’ in S ′ ∨parameter ⊕S ′′ ∨parameter . We
say that S ′ ∨parameter ⊕ S ′′ ∨parameter contributes to the Grassmann parameter level of X̂̂l .
(3) The fermionic coefficients of a physical superfield are themselves anticommuting and must
correspond to sections of a copy of spinor sheaves. Physical superfields that are associated to
different types/classes/generations of particles should be thought of as sections of the Grassmann
algebra generated by different copies of spinor sheaves. This explains the subscript ‘field’ in
S ′field,i⊕S ′′field,i. We say that S ′field,i⊕S ′′field,i contributes to the i-th field-theory level of X̂̂l . The
total level number l is the number of distinct types of (particle, its superpartner) in a d = 3 + 1,
N = 1 supersymmetric field theory one wants to construct. It can be different theory by theory.
By construction, there is a commutative diagram of Z/2-grading-preserving OCX -algebra-
homomorphisms
Ô ̂lX
ι]
~~~~
ÔX ÔX
0 P
pi]
``
5 Algebraic-Geometry-oriented readers may find something uncomfortable here. In Algebraic Geometry one
usually begins with a choice of a ground field (in the sense of algebra) k, for example, k = C when studying
Calabi-Yau spaces in string theory. Naively, here since we are dealing with complexified Z/2-graded geometry,
one would choose k = C[η, η¯]anti-c to begin with and all the rings are k-algebras. However, while this has nothing
wrong mathematically, it is misleading from the perspective of the physics side. That has to do with how such
Grassmann numbers/parameters are used in physics. Most often they are to be paired with supersymmetry
generators. In such case, supersymmetry generators are realized as a spinor representation of Lorentz group;
thus these parameters have to be realized as dual spinors. It is for this reason we choose (η, ¯eta) from constant
sections of (a copy of ) S ′ ∨ ⊕ S ′′ ∨. In particular, though one intends to think of C[η, η¯]anti-c as the ground ring
in the problem, these parameters themselves are not Lorentz scalars. As we will see, nor is the function ring
C∞(X̂̂)physics of the physics sector a C[η, η¯]anti-c-algebra since the former is purely even.
For a topologically twisted theory, the twisted supersymmetry generators become Lorentz scalars. To match
with this, the Grassmann numbers/parameters become Lorentz scalars as well. Only in such cases, the mathe-
matical notion of C[η, η¯] as the ground ring and physicists’ use of (η, η¯) match well.
This is why we take X̂ as the ground level and the Grassmann number/parameter level comes next over it, not
the other round.
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that respect the partial C∞-ring structures. This gives a commutative diagram of morphisms
of complexified super C∞-schemes
X̂̂l
pˆi
    
X̂
. 
ιˆ
==
X̂ .
The built-in flat connection on the S ′, S ′′ and their dual induces a flat connection on X̂̂l
over X̂. This defines a canonical inclusion
Der C(X̂) ↪→ Der C(X̂̂l) .
And any flow on X̂ lifts canonically to a flow on X̂̂l .
Definition 1.3.3. [derivation on X̂ applied to C∞(X̂̂l)] Let ξ ∈ Der C(X̂) be a derivation
on X̂ and f˘ ∈ C∞(X̂̂l). Then we define ξf˘ ∈ C∞(X̂̂l) via the canonical inclusion Der C(X̂) ↪→
Der C(X̂
̂l).
Definition 1.3.4. [complex conjugation vs. twisted complex conjugation] The complex
conjugation ¯ : OCX → OCX and S ′ → S ′′ , S ′′ → S ′, of Weyl spinors extends canonically to a
complex conjugation
¯ : Ô̂lX −→ Ô̂lX ,
by setting
(1) f˘ + g˘ =
¯˘
f + ¯˘g ;
(2) f˘ g˘ = ¯˘g
¯˘
f .
and a twisted complex conjugation
† : Ô̂lX −→ Ô̂lX ,
by setting
(0′) † = ¯ : OCX → OCX ;S ′ → S ′′ , S ′′ → S ′ ;
(1′) (f˘ + g˘)† = f˘ † + g˘† ;
(2′) (f˘ g˘)† = g˘†f˘ † .
Caution that the order of multiplication is preserved under the complex conjugate ¯ but is
reversed under the twisted complex conjugate †.
Definition 1.3.5. [standard coordinate functions on X̂̂l] The standard coordinate func-
tions (x, θ, θ¯) on X̂ extends uniquely to a tuple of coordinate functions
(xµ, θα, θ¯β˙; ηα
′
, η¯β˙
′
;ϑ1γ1 , ϑ¯
1
δ˙1
; · · · ;ϑlγl , ϑ¯lδ˙l) =: (x, θ, θ¯, η, η¯, ϑ, ϑ¯)
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on X̂̂l via the ε-tensor ε : S ′ ⊗O CX S
′ → OCX , S ′′ ⊗O CX S
′′ → OCX , and the fixed isomorphisms
S ′• ' S ′, S ′′• ' S ′′.
Explicitly, regard S ′ ∨parameter as a copy of S ′ ∨coordinates, S ′′ ∨parameter as a copy of S ′′ ∨coordinates, S ′field,i
as a copy of (S ′ ∨coordinates)∨ = S ′coordinates, and S ′′field,i as a copy of (S ′′ ∨coordinates)∨ = S ′′coordinates
under the fixed isomorphisms. Then, (ηα
′
, η¯β˙
′
) = (θα
′
, θ¯β˙
′
) and (ϑiαi , ϑ¯
i
β˙i
) = (θαi , θ¯β˙i) for all i,
where θα =
∑
γ εαγθ
γ , θβ˙ =
∑
δ˙ εβ˙δ˙ θ¯
δ˙ .
We shall call (x, θ, θ¯, η, η¯, ϑ, ϑ¯) the standard coordinate functions on X̂̂l .
In terms of this,
C∞(X̂̂l) = C∞(X)C[θ, θ¯, η, η¯, ϑ, ϑ¯]anti-c
and an f˘ ∈ C∞(X̂̂l) has a (θ, θ¯)-expansion
f˘ = f˘(0) +
∑
α
θαf˘(α) +
∑
β˙
θ¯β˙ f˘(β˙) + θ
1θ2f˘(12) +
∑
α,β˙
θαθ¯β˙ f˘(αβ˙)
+ θ¯1˙θ¯2˙f˘(1˙2˙) +
∑
β˙
θ1θ2θ¯β˙ f˘(12β˙) +
∑
α
θαθ1˙θ2˙f˘(α1˙2˙) + θ
1θ2θ1˙θ2˙f˘(121˙2˙)
with coefficients f˘(•) ∈ C∞(X)C[η, η¯, ϑ, ϑ¯]anti-c.
The chiral, the antichiral, and the self-twisted-conjugate sector of X̂̂l
Recall from [L-Y1: Sec. 1.4] (D(14.1)) the standard infinitesimal supersymmetry generators
Qα =
∂
∂θα
− √−1
3∑
µ=0
2˙∑
β˙=1˙
σµ
αβ˙
θ¯β˙
∂
∂xµ
and Q¯β˙ = −
∂
∂θ¯β˙
+
√−1
3∑
µ=0
2∑
α=1
θασµ
αβ˙
∂
∂xµ
and derivations that are invariant under the flow that generate supersymmetries
eα′ =
∂
∂θα
+
√−1
3∑
µ=0
2˙∑
β˙=1˙
σµ
αβ˙
θ¯β˙
∂
∂xµ
and eβ′′ = − ∂
∂θ¯β˙
− √−1
3∑
µ=0
2∑
α=1
θασµ
αβ˙
∂
∂xµ
.
Since
ξηα
′
= ξη¯β˙
′
= ξϑγ = ξϑ¯δ˙ = 0 ,
for all ξ ∈ Der C(X̂), the notion of chiral functions, antichiral functions, properties of chiral
function ring, and antichiral function ring studied in [L-Y1: Sec. 1.4] (D(14.1)) for C∞(X̂) can
be generalized immediately to parallel notions/objects for C∞(X̂̂l) with f(•) ibidem replaced
by f˘(•) in the (θ, θ¯)-expansion for f˘ ∈ C∞(X̂̂l).
Definition/Lemma 1.3.6. [chiral sector X̂̂l,ch of X̂̂l] (1) f˘ ∈ C∞(X̂̂l) is called chiral
if e1′′ f˘ = e2′′ f˘ = 0 . The set of chiral functions on X̂
̂l is a C-subalgebra of C∞(X̂̂l), called
the chiral function-ring of X̂̂l , denoted by C∞(X̂̂l)ch.
(2) Replacing X̂ by Û for U ⊂ X open and e1′′ , e2′′ by e1′′ |Û , e2′′ |Û in Item (1), one obtains
the sheaf of chiral functions Ô ̂l,chX ⊂ Ô ̂lX , also called the chiral structure sheaf of X̂̂l . Denote
the locally-ringed space (X,O ̂l,chX ) by X̂̂l,ch.
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(3) The C∞-hull of C∞(X̂̂l) restricts to the C∞-hull of C∞(X̂̂l)ch and similarly for the
localized version. This renders X̂̂l,ch a complexified Z/2-graded C∞-scheme.
(4) Similar to Definition 1.3.5 under the fixed isomorphisms of spinor sheaves and the ε-tensor,
the standard chiral coordinate functions (x′, θ, θ¯) on X̂, where
x′µ = xµ +
√−1
∑
α,β˙
θασµ
αβ˙
θ¯β˙ ,
extends canonically to the standard chiral coordinate functions (x′, θ, θ¯, η, η¯, ϑ, ϑ¯) on X̂̂l . In
terms of the standard chiral coordinate functions, an f˘ ∈ C∞(X̂̂l)ch can be expressed as
f˘ = f˘ ′(x′, θ, θ¯, η, η¯, ϑ, ϑ¯)
= f˘ ′(0)(x
′, η, η¯, ϑ, ϑ¯) +
∑
α
θα f˘ ′(α)(x
′, η, η¯, ϑ, ϑ¯) + θ1θ2 f˘ ′(12)(x
′, η, η¯, ϑ, ϑ¯) ,
where f ′(•)(x
′, η, η¯, ϑ, ϑ¯) are polynomials in ηα’s, η¯β˙’s, ϑiαi’s , ϑ¯
i
β˙i
’s with coefficients smooth func-
tions in x′µ’s.
Definition/Lemma 1.3.7. [antichiral sector X̂̂l,ach of X̂̂l] (1) f˘ ∈ C∞(X̂̂l) is called
antichiral if e1′ f˘ = e2′ f˘ = 0 . The set of antichiral functions on X̂
̂l is a C-subalgebra of
C∞(X̂̂l), called the antichiral function-ring of X̂̂l , denoted by C∞(X̂̂l)ach.
(2) Replacing X̂ by Û for U ⊂ X open and e1′ , e2′ by e1′ |Û , e2′ |Û in Item (1), one obtains
the sheaf of antichiral functions Ô ̂l,achX ⊂ Ô ̂lX , also called the antichiral structure sheaf of X̂̂l .
Denote the locally-ringed space (X,O ̂l,achX ) by X̂̂l,ach.
(3) The C∞-hull of C∞(X̂̂l) restricts to the C∞-hull of C∞(X̂̂l)ach and similarly for the
localized version. This renders X̂̂l,ach a complexified Z/2-graded C∞-scheme.
(4) Similar to Definition 1.3.5 under the fixed isomorphisms of spinor sheaves and the ε-tensor,
the standard antichiral coordinate functions (x′′, θ, θ¯) on X̂, where
x′′µ = xµ −√−1
∑
α,β˙
θασµ
αβ˙
θ¯β˙ ,
extends canonically to the standard antichiral coordinate functions (x′′, θ, θ¯, η, η¯, ϑ, ϑ¯) on X̂̂l .
In terms of the standard antichiral coordinate functions, an f˘ ∈ C∞(X̂̂l)ach can be expressed
as
f˘ = f˘ ′′(x′′, θ, θ¯, η, η¯, ϑ, ϑ¯)
= f˘ ′′(0)(x
′′, η, η¯, ϑ, ϑ¯) +
∑
β˙
θ¯β˙ f˘ ′′
(β˙)
(x′′, η, η¯, ϑ, ϑ¯) + θ¯1˙θ¯2˙ f˘ ′′
(1˙2˙)
(x′′, η, η¯, ϑ, ϑ¯) ,
where f ′′(•)(x
′′, η, η¯, ϑ, ϑ¯) are polynomials in ηα’s, η¯β˙’s, ϑiαi’s, ϑ¯
i
β˙i
’s with coefficients smooth func-
tions in x′′µ’s.
We refer readers to ibidem for details.
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By construction, one has the following diagram of inclusions of complexified Z/2-graded
C∞-rings
C∞(X̂̂l)
C∞(X̂̂l)ch
+ 
88
C∞(X̂)
?
OO
C∞(X̂̂l)ach
4 T
ff
C∞(X̂)ch
?
OO
+ 
88
C∞(X̂)ach .
?
OO
3 S
ff
Which gives rise to the following diagram of dominant morphisms of complexified Z/2-graded
C∞-schemes
X̂̂l
{{{{  $$ $$
X̂̂l,ch

X̂
{{{{ $$ $$
X̂̂l,ach

X̂ch X̂ach .
The following sector of X̂̂l is introduced for the purpose of studying supersymmetric U(1)
gauge theory on X in Sec. 3. In some sense, it is the “real sector” of X̂̂l :
Definition 1.3.8. [self-twisted-conjugate sector of X̂̂l] An element f˘ ∈ C∞(X̂̂l) is called
self-twisted-conjugate if f˘ † = f˘ . The set of all self-twisted-conjugate elements in C∞(X̂̂l) is
denoted by C∞(X̂̂l)stc . Note that this is only a C∞(X)-module, not a C∞(X)-algebra.
1.4 The physics sector Xphysics of X̂ ̂l
We now proceed to identify the physical elements in C∞(X̂̂l) and construct the physics sector
Xphysics under X̂̂l .
The guide from [W-B] of Wess & Bagger to identify the physical elements in each
field-theory level of C∞(X̂̂l)
Assume that X̂̂ has only one field-theory level (i.e. l = 1) and suppress the parameter level.
We begin with the following question:6
Q. What should the chiral functions in the sought-for physics sector be?
Similarly, for antichiral functions?
The answer, if taken from [W-B: Chap. V, Eq. (5.3) ] Wess & Bagger, would be
Φ = A(y) +
√
2θψ(y) + θθF (y) ,
6Notations and conventions here follow [W-B] of Wess & Bagger as much as we can for the convenience of the
illuminations.
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where y = x+
√−1θσθ¯ is the chiral coordinate. In this expression, A and F are scalar functions
(and hence are commuting) while ψ is a two-component spinor (whose components are thus
anticommuting — which renders θψ and hence Φ even). So far so good, until one starts to think
deeper. Chiral functions are required to form a ring. In particular, the multiplication of two
chiral functions should be also chiral: (cf. [W-B: Chap. V, Eq. (5.7)])
Φ˜ := Φ1Φ2 = A1(y)A2(y) +
√
2θ (φ1(y)A2(y) +A1(y)ψ2(y))
+θθ(A1(y)F2(y) +A2(y)F1(y)− ψ1(y)ψ2(y))
=: A˜(y) +
√
2θψ˜(y) + θθF˜ (y) .
When physicists say that F is a scalar, it is referred to the fact that F is a Lorentz scalar (i.e.
sections of the associated bundle from the trivial representation of the principal Lorentz-group
bundle). This says nothing about the nilpotency7 of F . The coefficient F˜ in this product reveals
something peculiar:
· The summand ψ1(y)ψ2(y) in the coefficient F˜ of the product Φ1Φ2 is nilpotent.
If we want to include Φ1Φ2 in the chiral ring, then we must allow F˜ to have nilpotent summand.
Now, if F1 and F2 themselves are not nilpotent, then this poses an issue:
· F˜ now has a non-nilpotent summand A1(y)F2(y) + A2(y)F1(y) and a nilpotent summand
−ψ1(y)ψ2(y). These two summands are not like terms and hence should be treated as
different degrees of freedom.8
But the chiral multiplet from the representation of d = 3 + 1, N = 1 supersymmetry algebra
requires that the coefficient F of θθ contribute as same degree of freedom as the total-θ-degree-
zero term A. Thus, the only way to avoid such a contradiction is demand that
· F must be a nilpotent Lorentz scalar.
It is in this way, one deduces that physical chiral functions must be of the form (in our
notation)
f˘ = f
(0)
(0) (x
′) +
∑
α
θα(ϑαf
(α)
(α) (x
′)) + θ1θ2(ϑ1ϑ2f
(12)
(12) (x
′)) ,
where (x′, θ, θ¯) are chiral coordinate functions on X̂. Such expressions are now closed under
multiplications and hence form a ring. They now agree with the chiral multiplet representation
of the d = 3 + 1, N = 1 supersymmetry algebra.
Similar reasoning for antichiral functions implies that physical antichiral functions must be
of the form (in our notation)
g˘ = g
(0)
(0)(x
′′) +
∑
β˙
θ¯β˙(ϑ¯β˙g
(β˙)
(β˙)
(x′′)) + θ¯1˙θ¯2˙(ϑ¯1˙ϑ¯2˙g
(1˙2˙)
(1˙2˙)
(x′′)) ,
where (x′′, θ, θ¯) are antichiral coordinate functions on X̂.
The physical function-ring must contain both the physical chiral function ring and the physical
antichiral function ring, and hence their product as well. Multiplying a physical chiral f˘ and a
physical antichiral g˘ as given above and re-expressing the product f˘ g˘ in the standard coordinate
7Note for physicists An element r 6= 0 of a (either commutative or noncommutative) ring R is called nilpotent
if rl+1 = 0 for some l ≥ 1. The minimal such l is called the nilpotency of r. In particular, any odd element of a
Z/2-graded ring is nilpotent.
8Note for physicists This is completely analogous to the statement that the expression f +
√−1g, f, g ∈
C∞(Rn), has two degrees of freedom or that the ring C[t]/(tl+1) is (l + 1)-dimensional as a C-vector space.
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functions (x, θ, θ¯) on X̂ leads to the notion of physical superfields in Definition 1.4.1 in the next
theme.
From the above illumination, one sees that the construction is a minimal one: We only include
those that are required to make a ring, beginning with the following two demands
(1) Chiral functions must from a ring; so does antichiral functions.
(2) A chiral superfield must match the chiral multiplet and an antichiral superfield must match
antichiral multiplet in representations of d = 3 + 1, N = 1 supersymmetry algebra.
Thus, as long as physical relevance is concerned, C∞(Xphysics) in Definition 1.4.1 is unique.
The above reasoning and construction works field-theory level by field-theory level. Once
the physical elements of C∞(X̂̂) from each field-theory level are identified, the complexified
C∞-subring in C∞(X̂̂) generated by them should be the sought-for C∞(X̂̂)physics.
The purely even physical structure sheaf OphysicsX on X
For the simplicity of notations, we assume that X̂̂ has only one field-theory level (i.e. l = 1)
and suppress the parameter level of X̂̂.
Recall then the standard coordinate functions
(x0, x1, x2, x3; θ1, θ2, θ¯1˙, θ¯2˙;ϑ1, ϑ2, ϑ¯1˙, ϑ¯2˙)
on X̂̂, denoted collectively by (x, θ, θ¯, ϑ, ϑ¯) or (xµ, θα, θ¯β˙, ϑγ , ϑ¯δ˙)µ,α,β˙,γ,δ˙.
Definition 1.4.1. [superfield in physical sector/physical superfield] An f˘ ∈ C∞(X̂̂)
is called a superfield in the physical sector of X̂̂ if, as a polynomial in the anticommuting
coordinate-functions (θ, θ¯, ϑ, ϑ¯), it is of the following form
f˘ = f˘(0) +
∑
α
θαf˘(α) +
∑
β˙
θ¯β˙ f˘(β˙) + θ
1θ2f˘(12) +
∑
α,β˙
θαθ¯β˙ f˘(αβ˙) + θ¯
1˙θ¯2˙f˘(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙ f˘(12β˙) +
∑
α
θαθ¯1˙θ¯
¯˙2f˘(α1˙2˙) + θ
1θ2θ¯1˙θ¯2˙f˘(121˙2˙)
= f
(0)
(0) +
∑
α
θαϑαf
(α)
(α) +
∑
β˙
θ¯β˙ϑ¯β˙f
(β˙)
(β˙)
+ θ1θ2ϑ1ϑ2f
(12)
(12) +
∑
α,β˙
θαθ¯β˙
(∑
µ
σµ
αβ˙
f
(0)
[µ] + ϑαϑ¯β˙f
(αβ˙)
(αβ˙)
)
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙f
(1˙2˙)
(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙
(∑
α
ϑαf
(α)
(12β˙)
+ ϑ1ϑ2ϑ¯β˙f
(12β˙)
(12β˙)
)
+
∑
α
θαθ¯1˙θ¯2˙
(∑
β˙
ϑ¯β˙f
(β˙)
(α1˙2˙)
+ ϑαϑ¯1˙ϑ¯2˙f
(α1˙2˙)
(α1˙2˙)
)
+ θ1θ2θ¯1˙θ¯2˙
(
f
(0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
)
,
where α = 1, 2; β˙ = 1˙, 2˙; µ = 0, 1, 2, 3; and the thirty-three coefficients f •• of the (θ, θ¯, ϑ, ϑ¯)-
monomial summands of f˘ are complex-valued functions on X:
f
(0)
(0) ; f
(α)
(α) ; f
(β˙)
(β˙)
; f
(12)
(12) ; f
(0)
([µ]), f
(αβ˙)
(αβ˙)
; f
(1˙2˙)
(1˙2˙)
; f
(α)
(12β˙)
, f
(12β˙)
(12β˙)
; f
(β˙)
(α1˙2˙)
, f
(α1˙2˙)
(α1˙2˙)
; f
(0)
(121˙2˙)
, f
(αβ˙)
121˙2˙
, f
(121˙2˙)
(121˙2˙)
∈ C∞(X)C .
For simplicity, such an f˘ is also called a physical superfield on X̂̂.
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Lemma 1.4.2. [physical sector of X̂̂] The collection of physical superfields on X̂̂ as defined
in Definition 1.4.1 is an even subring of the complexified Z/2-graded C∞-ring C∞(X̂̂). Denote
this subring (also a C∞(X)C-subalgebra of C∞(X̂̂)) by C∞(X̂̂)physics. Then, the C∞-hull of
C∞(X̂̂) restricts to the C∞-hull of C∞(X̂̂)physics, which is given by
C∞-hull (C∞(X̂̂)physics) = {f˘ ∈ C∞(X̂̂)physics | f˘(0) ∈ C∞(X)} .
Proof. From the (θ, θ¯, ϑ, ϑ¯)-expansion of a physical superfield f˘ , one concludes that it is even.
That the set C∞(X̂̂)physics of physical superfields is a subring of C∞(X̂̂) follows from the
observation that as a C∞(X)C-module, C∞(X̂̂)physics is generated by thirty-three monomials9
1 , θαϑα , θ¯
β˙ϑ¯β˙ , θ
1θ2ϑ1ϑ2 , θ
αθ¯β˙ϑαϑ¯β˙ , θ
αθ¯β˙ , θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙ ,
θ1θ2θ¯β˙ϑ1ϑ2ϑ¯β˙ , θ
1θ2θ¯β˙ϑα , θ
αθ¯1˙θ¯2˙ϑαϑ¯1˙ϑ¯2˙ , θ
αθ¯1˙θ¯2˙ϑ¯β˙ ,
θ1θ2θ¯1˙θ¯2˙ϑ1ϑ2ϑ¯1˙ϑ¯2˙ , θ
1θ2θ¯1˙θ¯2˙ϑαϑ¯β˙ , θ
1θ2θ¯1˙θ¯2˙

α=1, 2; β˙=1˙, 2˙
and, up to a sign factor, this set is closed under multiplications. Finally, since these monomials
are even, they commute with each other. Furthermore, except the monomial 1, they are all
nilpotent. This implies that the C∞-hull of C∞(X̂̂) restricts to the C∞-hull of C∞(X̂̂)physics
and that the latter is given by
C∞-hull (C∞(X̂̂)physics) = {f˘ ∈ C∞(X̂̂)physics | f˘(0) ∈ C∞(X)} .
This completes the proof.
By localizing all the constructions and discussions to open sets of X, one obtains a new
complexified C∞-scheme supported on X:
Definition 1.4.3. [Xphysics as (purely even) complexified C∞-scheme] Let OphysicsX be
the sheaf on X associated to the assignment U 7→ C∞(Û ̂)physics for open sets U of X. This is a
sheaf of complexified C∞-rings on X. Denote by Xphysics the associate complexified C∞-scheme
(X,OphysicsX ). Note that Xphysics is purely even10.
By construction, one has the following commutative diagram of dominant morphisms (of
9A characterization of these (θ, θ¯, ϑ, ϑ¯)-monomials is given as follows. First, define a balanced monomial to be
one whose (ϑ, ϑ¯)-factor matches exactly with the (θ, θ¯)-factor. There are fifteen of them:
1 , θαϑα , θ¯
β˙ϑ¯β˙ , θ
1θ2ϑ1ϑ2 , θ
αθ¯β˙ϑαϑ¯β˙ , θ
1θ2θ¯β˙ϑ1ϑ2ϑ¯β˙ , θ
αθ¯1˙θ¯2˙ϑαϑ¯1˙ϑ¯2˙ , θ
1θ2θ¯1˙θ¯2˙ϑ1ϑ2ϑ¯1˙ϑ¯2˙ ,
α = 1, 2, β˙ = 1˙, 2˙ . Then, reduce from them by dropping a ϑγ ϑ¯δ˙-factor until there are no more such factors. For
example,
θαθ¯1˙θ¯2˙ϑαϑ¯1˙ϑ¯2˙  θαθ¯1˙θ¯2˙ϑ¯β˙ and θ
1θ2θ¯1˙θ¯2˙ϑ1ϑ2ϑ¯1˙ϑ¯2˙  θ1θ2θ¯1˙θ¯2˙ϑαϑ¯β˙  θ
1θ2θ¯1˙θ¯2˙ .
10Here, we denote this scheme by Xphysics, rather than X̂physics, to emphasize that it is purely even.
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complexified Z/2-graded C∞-schemes, where both the odd part of Xphysics and XC are zero)
X̂̂
}}}}

## ##
X̂
!! !!
Xphysics
{{{{
XC .
The chiral sector of X̂̂ restricts to the chiral sector of Xphysics and the antichiral sector of
X̂̂ restricts to the antichiral sector of Xphysics. We will look at them more closely in Sec. 2.1.
For l ≥ 2, as a C∞(X)C-module, the complexified C∞-subring C∞(X̂̂l)physics of C∞(X̂̂l)
is generated by elements from the product of the sets from each field-theory level of X̂̂l
1 , θαϑiα , θ¯
β˙ϑ¯i
β˙
, θ1θ2ϑi1ϑ
i
2 , θ
αθ¯β˙ϑiαϑ¯
i
β˙
, θαθ¯β˙ , θ¯1˙θ¯2˙ϑ¯i
1˙
ϑ¯i
2˙
,
θ1θ2θ¯β˙ϑi1ϑ
i
2ϑ¯
i
β˙
, θ1θ2θ¯β˙ϑiα , θ
αθ¯1˙θ¯2˙ϑiαϑ¯
i
1˙
ϑ¯i
2˙
, θαθ¯1˙θ¯2˙ϑ¯i
β˙
,
θ1θ2θ¯1˙θ¯2˙ϑi1ϑ
i
2ϑ¯
i
1˙
ϑ¯i
2˙
, θ1θ2θ¯1˙θ¯2˙ϑiαϑ¯
i
β˙
, θ1θ2θ¯1˙θ¯2˙

α=1, 2; β˙=1˙, 2˙
,
i = 1, . . . , l . Its C∞-hull remains of the form
C∞-hull (C∞(X̂̂l)physics) = {f˘ ∈ C∞(X̂̂l)physics | f˘(0) ∈ C∞(X)} .
However, clearly it becomes extremely messy to express a (θ, θ¯, ϑ, ϑ¯)-expansion of a general
element f˘ ∈ C∞(X̂̂l)physics. For the purpose of this work, we assume therefore for the rest of the
work that l = 1 for the simplicity of notations though there is no technical difficulty to generalize
to the l ≥ 2 case. Cf. Figure 1-4-1; note that all the schemes involved X̂ , X̂̂l , Xphysics have
the same underlying topology X, which is indicated by the “foggy/fuzzy” nature of the fermionic
cloud carried by these schemes in the illustration.
Also, recall that the Grassmann parameter level is introduced to serve the need when a
discussion/computation/expression requires (or becomes more convenient to present with) the
Grassmann parameter (η, η¯). This level will thus be suppressed from now on unless it is needed.
1.5 Purge-evaluation maps and the Fundamental Theorem on supersymmet-
ric action functionals
In this subsection, we recast a fundamental theorem on supersymmetric action functionals (e.g.
[Bi: Sec. 4.3]) into a general form under the current (complexified, Z/2-graded) C∞-Algebraic
Geometry setting.
The need to get rid of nilpotency
So far so good. But when one presses on to construct a supersymmetric action functional using
the fermionic integration of the form∫
X̂̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1 f˘
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X〉
DoubleX [1]
〉
X X
DoubleX [i]
〉
DoubleX [l]
〉
physicsX [i]
physicsX [1]
physicsX [l]
Figure 1-4-1. The space-time coordinate functions xµ, µ = 0, 1, 2, 3, and the
fermionic coordinate functions θα, θ¯β˙ , α = 1, 2, β˙ = 1˙, 2˙, generate the function ring
of the fundamental superspace X̂ as a complexified Z/2-graded C∞-scheme. Over
it sits a supertower with Grassmann-number level and other field-theory levels that
are needed for the construction of supersymmetric quantum field theories. From the
direct-sum expression of the generating sheaf
F := (S ′ ∨coordinates ⊕ S ′′ ∨coordinates)⊕ (S ′ ∨parameter ⊕ S ′′ ∨parameter )
⊕⊕li=1(S ′field,i ⊕ S ′′field,i)
= (S ′ ∨coordinates ⊕ S ′′ ∨coordinates)⊕ (S ′ ∨parameter ⊕ S ′′ ∨parameter )
⊕⊕li=1 (S ′ ∨coordinates ⊕ S ′′ ∨coordinates ⊕ S ′field,i ⊕ S ′′field,i)S ′ ∨coordinates ⊕ S ′′ ∨coordinates
of the structure sheaf Ô ̂X of X̂̂, one may think of each field-theory level as con-
tributing a floor-[i]
X̂Double[i] := (X,
∧•
O CX (S
′ ∨
coordinates ⊕ S ′′ ∨coordinates ⊕ S ′field,i ⊕ S ′′field,i))
over X̂ and these field-theory floors are glued by the Z/2-graded version of fibered
product over X̂ to give X̂̂. Each field-theory floor X̂Double[i] has its own physics sector
Xphysics[i] that is purely even. They generate the physics sector X
physics of X̂̂ that is
also purely even. This physics sector is where most of physics-relevant superfields lie.
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for f˘ ∈ C∞(X̂̂)physics a derived physical superfield11 constructed from more basic physical
superfields in the problem, the result is∫
X
d4x(f (0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
) .
Mathematically, there is nothing wrong: The above integral is nothing but∫
X
d4x f
(0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙
∫
X
d4x f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙
∫
X
d4x f
(121˙2˙)
(121˙2˙)
.
Thus, for example, when one applies calculus of variations to it to derive the equations of motions
of the component fields on X, since the six integrals are not like terms, each variation has to be
set to zero:
δ
∫
X
d4x(f (0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
) = 0
=⇒ δ
∫
X
d4x f
(0)
(121˙2˙)
= 0 , δ
∫
X
d4x f
(αβ˙)
(121˙2˙)
= 0 , δ
∫
X
d4x f
(121˙2˙)
(121˙2˙)
= 0 .
But this is not what physicists do! In order to match what physicists do, the nilpotency — though
necessary from the perspective of complexified Z/2-graded C∞Algebraic Geometry — has to be
“purged” away in the end. So that after applying such a purge to f
(0)
(121˙2˙)
+
∑
α,β˙ ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+
ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
, all the nilpotency disappears and the result is in C∞(X)C. Calculus of variation
is then applied to one single integral, rather then six independent integrals.
Purge-evaluation maps and the Fundamental Theorem
Let Mfield :=
∧•
O CX (S
′
field ⊕ S ′′field) ⊂ Ô ̂X .
Definition 1.5.1. [purge-evaluation map] A (θ, θ¯)-degree-preserving OCX -module homomor-
phism P : Ô ̂X → ÔX that restricts to the identity map Id ÔX : ÔX → ÔX and takes the fifteen
(ϑ, ϑ¯)-monomials ϑα, ϑ¯β˙, ϑ1ϑ2, ϑαϑ¯β˙, ϑ¯1˙ϑ¯2˙, ϑ1ϑ2ϑ¯β˙, ϑαϑ¯1˙ϑ¯2˙, and ϑ1ϑ2ϑ¯1˙ϑ¯2˙ in each component
of fixed (θ, θ¯)-degree to constants in C is called a purge-evaluation map12
Explicitly, for
f˘ = f˘(0) +
∑
α
θαf˘(α) +
∑
β˙
θ¯β˙ f˘(β˙) + θ
1θ2f˘(12) +
∑
α,β˙
θαθ¯β˙ f˘(αβ˙) + θ¯
1˙θ¯2˙f˘(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙ f˘(12β˙) +
∑
α
θαθ¯1˙θ¯
¯˙2f˘(α1˙2˙) + θ
1θ2θ¯1˙θ¯2˙f˘(121˙2˙)
11See Sec. 2.2 and Sec. 3.5 for concrete examples.
12Remark on the naming and the formulation P has the effect of removing the second set of fermionic
coordinate-functions (ϑ, ϑ) on X̂̂, hence the name ‘purge’. Note that the coefficients of each (θ, θ¯)-monomial
summand of a function on X̂̂ are grouped into sections of sheaves/bundles associated to some irreducible Lorentz
representations. There are built-in pairings of these sheaves/bundles in the problem and these pairings define
accordingly various natural evaluation maps that in practice either specify or are incorporated into P to obtain
Lorentz-invariant expressions, hence the name ‘evaluation’.
Also note that for the construction of supersymmetric gauge theories, the purge-evaluation map is defined not
on OphysicsX , but another O CX -submodule of Ô ̂X . The formulation given here is meant to be as general as possible
in order to cover all situations since the proof of the Fundamental Theorem goes the same.
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∈ Ô ̂X ,
P(f˘) = P(0)(f˘(0)) +
∑
α
θα · P(α)(f˘(α)) +
∑
β˙
θ¯β˙ · P(β˙)(f˘(β˙))
+ θ1θ2 · P(12)(f˘(12)) +
∑
α,β˙
θαθ¯β˙ · P(αβ˙)(f˘(αβ˙)) + θ¯1˙θ¯2˙ · P(1˙2˙)(f˘(1˙2˙))
+
∑
β˙
θ1θ2θ¯β˙ · P(12β˙)(f˘(12β˙)) +
∑
α
θαθ¯1˙θ¯
¯˙2 · P(α1˙2˙)(f˘(α1˙2˙)) + θ1θ2θ¯1˙θ¯2˙ · P(121˙2˙)(f˘(121˙2˙))
∈ ÔX , where P(•) :Mfield → OCX are OCX -module homomorphisms that restricts to the identity
map Id C
X
: OCX → OCX and takes ϑα, ϑ¯β˙, ϑ1ϑ2, ϑαϑ¯β˙, ϑ¯1˙ϑ¯2˙, ϑ1ϑ2ϑ¯β˙, ϑαϑ¯1˙ϑ¯2˙, and ϑ1ϑ2ϑ¯1˙ϑ¯2˙
to constants in C. When all P(•) are identical, we say that P is uniform and will denote all
P(•) simply by P. In particular, for any P, each P(•) defines a uniform purge-evaluation map
by replacing all other component P(•′) by P(•). We denote the resulting purge-evaluation map
simply by P(•).
Note that in practice, P restricts to a non-trivial purge-evaluation map P : OphysicsX → ÔX
and hence can never be a Z/2-graded-OCX -algebra homomorphism.
Lemma 1.5.2. [property of P] A purge-evaluation map P : Ô ̂X → ÔX satisfies the following
properties: (1) Let P be uniform and let ξ ∈ Der C(X̂) be a derivation on X̂. Then
P(ξf˘) = ξP(f˘) for f˘ ∈ Ô ̂X .
(2)
∫
dθ¯2˙dθ¯1˙dθ2dθ1P(f˘) = ∫ dθ¯2˙dθ¯1˙dθ2dθ1P(121˙2˙)(f˘) = P(121˙2˙)(∫ dθ¯2˙dθ¯1˙dθ2dθ1f˘) for f˘ ∈ Ô ̂X .
(3) For f˘ ∈ Ô ̂X chiral (resp. antichiral),
∫
dθ2dθ1P(f˘) = ∫ dθ2dθ1P(12)(f˘) = P(12)(∫ dθ2dθ1f˘)
(resp.
∫
dθ¯2˙dθ¯1˙P(f˘) = ∫ dθ¯2˙dθ¯1˙P(1˙2˙)(f˘) = P(1˙2˙)(∫ dθ2dθ1f˘)).
Proof. Statement (1) follows from the fact that ξ ∈ Der C(X̂) has no (ϑ, ϑ¯)-dependence while
the uniform P applies to f˘ (θ, θ¯)-degree by (θ, θ¯)-degree with P(ϑ11 ϑ22 ϑ¯31˙ ϑ¯
4
2˙
) constant, i = 0 or
1, and hence ξ(P(f˘(•))) = P(ξ f˘(•)). Statement (2) and Statement (3) follow from the definition
of fermionic integration on X̂.
Theorem 1.5.3. [fundamental: supersymmetric functional] Let P be a uniform purge-
evaluation map. Then, up to a boundary term13 on X, (1) S1(f˘) :=
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1P(f˘)
is a functional on C∞(X̂̂) that is invariant under supersymmetries;
(2) S2(f˘) :=
∫
X̂
d4x dθ2dθ1P(f˘) (resp. S3(f˘) :=
∫
X̂
d4x dθ¯2˙dθ¯1˙P(f˘)) is a functional on
C∞(X̂̂)ch (resp. C∞(X̂̂)ach) that is invariant under supersymmetries.
Proof. For Statement (1), sinceQα, Q¯β˙ ∈ Der C(X̂), it follows the invariance of d4x dθ¯2˙dθ¯1˙dθ2dθ1,
d4xdθ2dθ1, and d4xdθ¯2˙dθ¯1˙ under the flow that generates supersymmetries, Lemma 1.5.2, and
basic calculus that
δQαS1(f˘) :=
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1 P(Qαf˘) =
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1QαP(f˘)
= −√−1
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1
∑
β˙, µ
σµ
αβ˙
θ¯β˙∂µ(P(f˘))
= −√−1
∫
X
d4x
∑
µ
∂µ
( ∫
dθ¯2˙dθ¯1˙dθ2dθ1
∑
β˙
σµ
αβ˙
θ¯β˙P(f˘)
)
= −√−1
∫
X
dBα ,
13Though ignored in the current work, it should be noted that such a boundary term becomes an important
part of understanding when one studies supersymmetric quantum field theory with boundary.
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where Bα = B
0
αdx
1 ∧ dx2 ∧ dx3 −B1αdx0 ∧ dx2 ∧ dx3 +B2αdx0 ∧ dx1 ∧ dx3 −B3αdx0 ∧ dx1 ∧ dx2
is a 3-form on X with
Bµα =
∫
dθ¯2˙dθ¯1˙dθ2dθ1
∑
β˙
σµ
αβ˙
θ¯β˙P(f˘) .
The proof that δQαS(f˘) is also a boundary term is similar.
For Statement (2), note that for f˘ chiral, δQαS2(f˘) = 0 always, for α = 1, 2, and, thus one
only needs to check the variation δQ¯β˙
S2(f˘):
δQ¯β˙
S2(f˘) :=
∫
X̂
d4x dθ2dθ1 P(Q¯β˙ f˘) =
∫
X̂
d4x dθ2dθ1 P((eβ′′ + 2
√−1∑α,µθασµαβ˙∂µ)f˘)
= 2
√−1
∫
X̂
d4x dθ2dθ1
∑
α, µ
θασµ
αβ˙
∂µ(P(f˘))
= 2
√−1
∫
X
d4x
∑
µ
∂µ
( ∫
dθ2dθ1
∑
α
θασµ
αβ˙
P(f˘)
)
= 2
√−1
∫
X
dCβ˙ ,
where Cβ˙ = C
0
β˙
dx1 ∧ dx2 ∧ dx3 −C1
β˙
dx0 ∧ dx2 ∧ dx3 +C2
β˙
dx0 ∧ dx1 ∧ dx3 −C3
β˙
dx0 ∧ dx1 ∧ dx2 is
a 3-form on X with
Cµ
β˙
=
∫
dθ2dθ1
∑
α
θασµ
αβ˙
P(f˘) .
For f˘ antichiral, δQ¯β˙
S3(f˘) = 0 always, for β˙ = 1˙, 2˙, and the variation δQαS3(f˘), α = 1, 2, can
be computed similarly to show that it is a boundary term on X.
This completes the proof.
Remark 1.5.4. [Lorentz invariance and P-dependence of variations of components under super-
symmetry ] (1) For applications to particle physics, one takes the real-part of the complex-valued
functional S(•) (if it is not already real) to get the action functional for the component fields f ••
of f˘ and requires in addition that the action functional be Lorentz-invariant, which is usually
automatic when P comes from natural evaluation maps built-into the problem.
(2) Note also that from the equalities Qα P(f˘) = P(Qαf˘), Q¯β˙ P(f˘) = P(Q¯β˙ f˘), α = 1, 2, β˙ =
1˙, 2˙, for a uniform purge-evaluation map P, the variation under supersymmetry of component
fields of f˘ for a physics model depends on the choice of P as well.
2 The chiral/antichiral theory on Xphysics and Wess-Zumino model
Having made the effort to build a platform from complexified Z/2-graded C∞-Algebraic Geom-
etry that incorporates basic requirements from Quantum Field Theory, one would like to know
whether all the well-established supersymmetric quantum field theories in physics fit into the
setting. In this work, we make a humble start to re-look at two earliest constructed, most basic
supersymmetric quantum field theories in physics: the Wess-Zumino model (current section) and
the supersymmetric U(1) gauge theory with matter (the next section) to justify the validity.
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2.1 More on the chiral and the antichiral sector of Xphysics
As a preparation to study the Wess-Zumino model, some further details of the chiral sector and
the antichiral sector of Xphysics are given in this subsection.
The chiral sector of Xphysics
Definition 2.1.1. [chiral function-ring & chiral structure sheaf of Xphysics] (1) An
f˘ ∈ C∞(Xphysics) is called chiral if e1′′ f˘ = e2′′ f˘ = 0. (2) As the addition and the multiplication
of two chiral functions remain chiral, the set of chiral functions on Xphysics form a ring, called
the chiral function-ring of Xphysics, denoted by C∞(Xphysics)ch. (3) Localizing Item (1) and
Item (2) to open sets of X, one obtains a sheaf Ophysics,chX of chiral functions on Xphysics from
the assignment U 7→ C∞(Uphysics)ch for U open sets of X. Ophysics,chX is call the chiral structure
sheaf of Xphysics. By construction, Ophysics,chX ⊂ OphysicsX as OCX -algebras.
Lemma 2.1.2. [C∞-hull of C∞(Xphysics)ch] The C∞-hull C∞-hull (C∞(Xphysics)) of
C∞(Xphysics) restricts to the C∞-hull C∞-hull (C∞(Xphysics)ch) of C∞(Xphysics)ch. Thus,
C∞(Xphysics)ch is a complexified C∞-ring.
Proof. Let h ∈ C∞(Rl) and f˘1, · · · , f˘l ∈ C∞(Xphysics)ch ∩ C∞-hull (Xphysics). Then it follows
from Definition/Lemma 1.3.6 that in terms of the chiral coordinate-functions (x′, θ′, θ¯′, ϑ′, ϑ¯′) on
X̂̂,
f˘i = f
′(0)
i,(0)(x
′) +
∑
α θ
′αϑ′αf
′ (α)
i,(α)(x
′) + θ′1θ′2ϑ′1ϑ′2f
′ (12)
i,(12)(x
′) , for i = 1, . . . , l, and hence
h(f˘1, · · · , f˘l) ∈ C∞-hull (C∞(Xphysics)) can be expressed as
h(f
′(0)
1,(0)(x
′), · · · , f ′(0)l,(0)(x′))
+
l∑
k=1
(∂kh)(f
′(0)
1,(0)(x
′), · · · , f ′(0)l,(0)(x′)) ·
(∑
α
θ′αϑ′αf
′ (α)
k,(α)(x
′) + θ′1θ′2ϑ′1ϑ
′
2f
′ (12)
k,(12)(x
′)
)
− θ′1θ′2ϑ′1ϑ′2
l∑
k1,k2=1
(∂k1∂k2h)(f
′(0)
1,(0)(x
′), · · · , f ′(0)l,(0)(x′)) · f ′(1)k1,(1)(x′)f
′(2)
k2,(2)
(x′) ,
which is chiral. Here, the following computation and a change of dummy indices k1 and k2 are
used to obtain the last term∑
α,γ
θ′αϑ′αθ
′γϑ′γf
′(α)
k1,(α)
(x′)f ′(γ)k2,(γ)(x
′) = θ′1θ′2ϑ′1ϑ
′
2
∑
α,γ
εαγεαγf
′(α)
k1,(α)
(x′)f ′(γ)k2,(γ)(x
′)
= − θ′1θ′2ϑ′1ϑ′2 ·
(
f
′(1)
k1,(1)
(x′)f ′(2)k2,(2)(x
′) + f ′(2)k1,(2)(x
′)f ′(1)k2,(1)(x
′)
)
This proves the lemma.
Lemma 2.1.3. [chiral function on Xphysics in terms of (x, θ, θ¯, ϑ, ϑ¯)] In terms of the stan-
dard coordinate functions (x, θ, θ¯, ϑ, ϑ¯) on X̂̂, a chiral function f˘ on Xphysics is determined by
the four components f
(0)
(0) , f
(α)
(α) , and f
(12)
(12) , α = 1, 2, of f˘ via the following formula
f˘ = f
(0)
(0) (x) +
∑
α
θαϑαf
(α)
(α) (x) + θ
1θ2ϑ1ϑ2f
(12)
(12) (x) +
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µf
(0)
(0) (x)
+
√−1
∑
β˙,µ
θ1θ2θ¯β˙(ϑ1σµ2β˙∂µf
(1)
(1) (x)− ϑ2σµ1β˙∂µf
(2)
(2) (x))− θ1θ2θ¯1˙θ¯2˙f
(0)
(0) (x) ,
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where14  :=
∑
µ ∂
µ∂µ = −∂20 + ∂21 + ∂22 + ∂23 .
Proof. Similar to the proof [L-Y1: Lemma 1.4.14], one can prove the statement in two ways.
The first proof is slick while the second proof can be generalized to the situation that involves
sections of a bundle with a connection when one studies supersymmetric D-branes.
(a) First proof
In terms of the chiral coordinate functions (x′, θ′, θ¯′, ϑ′, ϑ¯′) := (x+
√−1θσθ¯t, θ, θ¯, ϑ, θ¯) on X̂̂ a
chiral function f˘ on Xphysics can be written as
f˘ = f
′(0)
(0) (x
′) +
∑
α
θ′αϑ′α f
′(α)
(α) (x
′) + θ′1θ′2ϑ′1ϑ
′
2f
′(12)
(12) (x
′)
where f ′(0), f
′
(α), f
′
(12) ∈ C∞(R4)C. [L-Y1: Lemma 1.1.3] applied to the real and the imaginary
component of f
′(0)
(0) , f
′(α)
(α) , f
′(12)
(12) gives
f
′(•)
(•) (x
′) = f ′(•)(•) (x+
√−1θσθ¯t)
= f
′(•)
(•) (x) +
√−1
∑
µ
(∂µf
′(•)
(•) )(x) θσ
µθ¯t − 1
2
∑
µ,ν
(∂µ∂νf
′(•)
(•) )(x) (θσ
µθ¯t)(θσν θ¯t) .
The claim follows from applying the expansion to f
′(0)
(0) (x
′), f ′(α)(α) (x
′), and f ′(12)(12) (x
′), collecting
like terms in (θ, θ¯), simplifying them via spinor calculus, and re-denoting f
′(•)
(•) (x) by f
(•)
(•) (x).
(b) Second proof
This is done by directly solving the system of differential equations obtained from the chiral
condition on f˘ .
Let
f˘ = f˘(0) +
∑
α
θαf˘(α) +
∑
β˙
θ¯β˙ f˘(β˙) + θ
1θ2f˘(12) +
∑
α,β˙
θαθ¯β˙ f˘(αβ˙) + θ¯
1˙θ¯2˙f˘(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙ f˘(12β˙) +
∑
α
θαθ¯1˙θ¯
¯˙2f˘(α1˙2˙) + θ
1θ2θ¯1˙θ¯2˙f˘(121˙2˙)
= f
(0)
(0) +
∑
α
θαϑαf
(α)
(α) +
∑
β˙
θ¯β˙ϑ¯β˙f
(β˙)
(β˙)
+ θ1θ2ϑ1ϑ2f
(12)
(12) +
∑
α,β˙
θαθ¯β˙
(∑
µ
σµ
αβ˙
f
(0)
[µ] + ϑαϑ¯β˙f
(αβ˙)
(αβ˙)
)
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙f
(1˙2˙)
(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙
(∑
α
ϑαf
(α)
(12β˙)
+ ϑ1ϑ2ϑ¯β˙f
(12β˙)
(12β˙)
)
+
∑
α
θαθ¯1˙θ¯2˙
(∑
β˙
ϑ¯β˙f
(β˙)
(α1˙2˙)
+ ϑαϑ¯1˙ϑ¯2˙f
(α1˙2˙)
(α1˙2˙)
)
+ θ1θ2θ¯1˙θ¯2˙
(
f
(0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
)
∈ C∞(Xphysics) .
Then a straightforward computation with applications of basic identities in spinor calculus (cf.
14In [L-Y1: Lemma 1.4.14], we define the Laplacian  as −∑µ ∂µ∂µ = ∂20 − ∂21 − ∂22 − ∂23 . Here, we recover the
convention used in [W-B] of Wess & Bagger.
22
Appendix) gives
−eβ′′ f˘ =
( ∂
∂θ¯β˙
+
√−1
∑
α,µ
θασµ
αβ˙
∂µ
)
f˘
= f˘(β˙) +
∑
α
θα
(
− f˘(αβ˙) +
√−1
∑
µ
σµ
αβ˙
∂µf˘(0)
)
−
∑
δ˙
θ¯δ˙εβ˙δ˙ f˘(1˙2˙)
+ θ1θ2
(
f˘(12β˙) +
√−1
∑
α,γ,µ
εαγσµ
αβ˙
∂µf˘(γ)
)
+
∑
α,δ˙
θαθ¯δ˙
(
εβ˙γ˙ f˘(α1˙2˙) +
√−1
∑
µ
σµ
αβ˙
∂µf˘(δ˙)
)
+
∑
δ˙
θ1θ2θ¯δ˙
(
− εβ˙δ˙ f˘(121˙2˙) +
√−1
∑
α,γ,µ
εαγσµ
αβ˙
∂µf˘(γδ˙)
)
+
√−1
∑
α,µ
θαθ¯1˙θ¯2˙σµ
αβ˙
∂µf˘(1˙2˙)
+
√−1 θ1θ2θ¯1˙θ¯2˙
∑
α,γ,µ
εαγσµ
αβ˙
∂µf˘(γ1˙2˙) ,
β′′ = 1′′, 2′′. Similar to [L-Y1: proof of Lemma 1.4.14], solving the overdetermined system of
equations on components f •• of f˘ obtained by setting e1′′ f˘ = e2′′ f˘ = 0, now with applications
of basic identities from spinor calculus (cf. Appendix), proves the statement.
The antichiral sector of Xphysics
Similar arguments to the previous theme give the results for the antichiral sector of Xphysics.
Definition 2.1.4. [antichiral function-ring & antichiral structure sheaf of Xphysics] (1)
An f˘ ∈ C∞(Xphysics) is called antichiral if e1′ f˘ = e2′ f˘ = 0. (2) As the addition and the
multiplication of two antichiral functions remain antichiral, the set of antichiral functions on
Xphysics form a ring, called the antichiral function-ring of Xphysics, denoted by C∞(Xphysics)ach.
(3) Localizing Item (1) and Item (2) to open sets ofX, one obtains a sheafOphysics,achX of antichiral
functions on Xphysics from the assignment U 7→ C∞(Uphysics)ach for U open sets of X. Ophysics,achX
is call the antichiral structure sheaf of Xphysics. By construction, Ophysics,achX ⊂ OphysicsX as OCX -
algebras.
Lemma 2.1.5. [C∞-hull of C∞(Xphysics)ach] The C∞-hull C∞-hull (C∞(Xphysics)) of
C∞(Xphysics) restricts to the C∞-hull C∞-hull (C∞(Xphysics)ach) of C∞(Xphysics)ach. Thus,
C∞(Xphysics)ach is a complexified C∞-ring.
Lemma 2.1.6. [antichiral function on Xphysics in terms of (x, θ, θ¯, ϑ, ϑ¯)] In terms of
the standard coordinate functions (x, θ, θ¯, ϑ, ϑ¯) on X̂̂, an antichiral function f˘ on Xphysics is
determined by the four components f
(0)
(0) , f
(β˙)
(β˙)
, and f
(1˙2˙)
(1˙2˙)
, β˙ = 1˙, 2˙, of f˘ via the following formula
f˘ = f
(0)
(0) (x) +
∑
β˙
θ¯β˙ϑ¯β˙f
(β˙)
(β˙)
(x) + θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙f
(1˙2˙)
(1˙2˙)
(x)−√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µf
(0)
(0) (x)
+
√−1
∑
α,µ
θαθ¯1˙θ¯2˙(ϑ¯1˙σ
µ
α2˙
∂µf
(1˙)
(1˙)
(x)− ϑ¯2˙σµα1˙∂µf
(2˙)
(2˙)
(x))− θ1θ2θ¯1˙θ¯2˙f (0)(0) (x) ,
where  := −∂20 + ∂21 + ∂22 + ∂23 .
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Sketch of proof. This follows from either the expansion of
f˘ = f
′′(0)
(0) (x
′′) +
∑
β˙
θ¯′′β˙ϑ¯′′
β˙
f
′′(β˙)
(β˙)
(x′′) + θ¯′′1˙θ¯′′2˙ϑ¯′′
1˙
ϑ¯′′
2˙
f
′′(1˙2˙)
(1˙2˙)
(x′′) ,
where (x′′, θ′′, θ¯′′, ϑ′′, ϑ¯′′) := (x − √−1θσθ¯t, θ, θ¯, ϑ, θ¯) is the antichiral coordinate-functions on
X̂̂, via the complexified C∞-ring structure of C∞(Xphysics)ach or solving the overdetermined
system of equations on components f •• of f˘ from setting to zero
eα′ f˘ =
( ∂
∂θα
+
√−1
∑
β˙,µ
σµ
αβ˙
θ¯β˙∂µ
)
f˘
= f˘(α) −
∑
γ
θγεαγ f˘(12) +
∑
β˙
θ¯β˙
(
f˘(αβ˙) +
√−1
∑
µ
σµ
αβ˙
∂µf˘(0)
)
−
∑
γ,β˙
θγ θ¯β˙
(
εαγ f˘(12β˙) +
√−1
∑
µ
σµ
αβ˙
∂µf˘(γ)
)
+ θ¯1˙θ¯2˙
(
f˘(α1˙2˙) +
√−1
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µf˘(δ˙)
)
+
√−1
∑
β˙,µ
θ1θ2θ¯β˙σµ
αβ˙
∂µf˘(12) −
∑
γ
θγ θ¯1˙θ¯2˙
(
εαγ f˘(121˙2˙) +
√−1
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µf˘(γδ˙)
)
+
√−1 θ1θ2θ¯1˙θ¯2˙
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µf˘(12δ˙) ,
for α′ = 1′, 2′.

C∞(Xphysics) ⊂ C∞(X̂) under the twisted complex conjugation
Lemma 2.1.7. [C∞(Xphysics) ⊂ C∞(X̂) under twisted complex conjugation]
The twisted complex conjugation (•)† on C∞(X̂̂) leaves C∞(Xphysics) invariant and takes
C∞(Xphysics)ch to C∞(Xphysics)ach and vice versa.
Proof. Up to a (−1)-factor, the set
1 , θαϑα , θ¯
β˙ϑ¯β˙ , θ
1θ2ϑ1ϑ2 , θ
αθ¯β˙ , θαθ¯β˙ϑαϑ¯β˙ , θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙ ,
θ1θ2θ¯β˙ϑα , θ
1θ2θ¯β˙ϑ1ϑ2ϑ¯β˙ , θ
αθ¯1˙θ¯2˙ϑ¯β˙ , θ
αθ¯1˙θ¯2˙ϑαϑ¯1˙ϑ¯2˙ ,
θ1θ2θ¯1˙θ¯2˙ , θ1θ2θ¯1˙θ¯2˙ϑαϑ¯β˙ , θ
1θ2θ¯1˙θ¯2˙ϑ1ϑ2ϑ¯1˙ϑ¯2˙

α,β˙
of generating (θ, θ¯, ϑ, ϑ¯)-monomials for C∞(Xphysics) in C∞(X̂) as a sub-C∞(X)C-module is
closed under the twisted complex conjugation (•)†. This implies that C∞(Xphysics) is †-invariant
in C∞(X̂).
Since a chiral function on Xphysics is of the form
f˘ = f
(0)
(0) (x+
√−1θσθ¯t) +
∑
α
θαϑα f
(α)
(α) (x+
√−1θσθ¯t) + θ1θ2ϑ1ϑ2f (12)(12) (x+
√−1θσθ¯t) ,
for some f
(0)
(0) , f
(α)
(α) , f
(12)
(12) ∈ C∞(X)C, α = 1, 2, its twisted complex conjugate must be of the form
f˘† = f (0)(0) (x−
√−1(θσθ¯t)†) +
∑
α
(θαϑα)
† · f (α)(α) (x−
√−1(θσθ¯t)†)
+ (θ1θ2ϑ1ϑ2)
† · f (12)(12) (x−
√−1(θσθ¯t)†)
= f
(0)
(0) (x−
√−1θσθ¯t) −
∑
α˙
θ¯α˙ϑ¯α˙ · f (α)(α) (x−
√−1θσθ¯t) + θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙ · f (12)(12) (x−
√−1θσθ¯t) ,
24
which is antichiral. Similarly for the converse (•)† : C∞(Xphysics)ach → C∞(Xphysics)ch.
This proves the lemma.
2.2 Wess-Zumino model on X in terms of Xphysics
We now proceed to construct the Wess-Zumino model ([W-Z]; also [W-B: Chap. V]) under the
current setting.
Relevant basic computations/formulae
Let
f˘ = f
(0)
(0) (x) +
∑
α
θαϑαf
(α)
(α) (x) + θ
1θ2ϑ1ϑ2f
(12)
(12) (x) +
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µf
(0)
(0) (x)
+
√−1
∑
β˙,µ
θ1θ2θ¯β˙(ϑ1σµ2β˙∂µf
(1)
(1) (x)− ϑ2σµ1β˙∂µf
(2)
(2) (x))− θ1θ2θ¯1˙θ¯2˙f
(0)
(0) (x) ,
be a chiral function on Xphysics, determined by (f
(0)
(0) , f
(α)
(α) , f
(12)
(12) )α. It follows from Lemma 2.1.7
that its twisted complex conjugate f˘ † is the antichiral function on Xphysics determined by
(f
†(0)
(0) , f
†(β˙)
(β˙)
, f
†(1˙2˙)
(1˙2˙)
)β˙ = (f
(0)
(0) ,− f
(β)
(β) , f
(12)
(12) ), where f
(•)
(•) is the complex conjugate of f
(•)
(•) ∈ C∞(X)C.
Explicitly,
f˘ † = f (0)(0) (x)−
∑
β˙
θ¯β˙ϑ¯β˙f
(β)
(β) (x) + θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙f
(12)
(12) (x)−
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µf
(0)
(0) (x)
−√−1
∑
α,µ
θαθ¯1˙θ¯2˙(ϑ¯1˙σ
µ
α2˙
∂µf
(1)
(1) (x)− ϑ¯2˙σµα1˙∂µf
(2)
(2) (x))− θ1θ2θ¯1˙θ¯2˙f
(0)
(0) (x) .
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Consequently, (recall that  := −∂20 + ∂21 + ∂22 + ∂23 )
f˘†f˘ = f˘ f˘†
= f
(0)
(0) (x)f
(0)
(0) (x) +
∑
α
θαϑαf
(0)
(0) (x)f
(α)
(α) (x)−
∑
β˙
θ¯β˙ϑ¯β˙f
(β)
(β) (x)f
(0)
(0) (x) + θ
1θ2ϑ1ϑ2f
(0)
(0) (x)f
(12)
(12) (x)
+
∑
α,β˙
θαθ¯β˙
(√−1∑
µ
σµ
αβ˙
(f (0)(0) (x)∂µf
(0)
(0) (x)− ∂µf (0)(0) (x)f (0)(0) (x))+ ϑαϑ¯β˙f (β)(β) (x)f (α)(α) (x)
)
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙ f
(12)
(12) (x)f
(0)
(0) (x)
+
∑
β˙
θ1θ2θ¯β˙
(√−1∑
µ
(
ϑ2σµ
2β˙
(− f (0)(0) (x)∂µf (1)(1) (x) + ∂µf (0)(0) (x)f (1)(1) (x))
+ ϑ1σµ
1β˙
(− f (0)(0) (x)∂µf (2)(2) (x) + ∂µf (0)(0) (x)f (2)(2) (x))
)
− ϑ1ϑ2ϑ¯β˙f (β)(β) (x)f (12)(12) (x)
)
+
∑
α
θαθ¯1˙θ¯2˙
(√−1∑
µ
(
ϑ¯2˙σµ
α2˙
(∂µf (1)(1) (x)f
(0)
(0) (x)− f (1)(1) (x)∂µf (0)(0) (x))
+ ϑ¯1˙σµ
α1˙
(∂µf (2)(2) (x)f
(0)
(0) (x)− f (2)(2) (x)∂µf (0)(0) (x))
)
+ ϑαϑ¯1˙ϑ¯2˙f
(12)
(12) (x)f
(α)
(α) (x)
)
+ θ1θ2θ¯1˙θ¯2˙
(
(− f (0)(0) (x) · f (0)(0) (x)− f (0)(0) (x) ·f (0)(0) (x) + 2
∑
µ
∂µf
(0)
(0) (x) ∂
µf
(0)
(0) (x))
+
∑
α,β˙
ϑαϑ¯β˙(f
(β)
(β) (x) ·
√−1
∑
µ
σ¯µ,β˙α∂µf
(α)
(α) (x)
− f (α)(α) (x) ·
√−1
∑
µ
σ¯µ,β˙α∂µf
(β)
(β) (x))
+ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(12)
(12) (x)f
(12)
(12) (x)
)
;
f˘2 = f
(0)
(0) (x)
2 + 2
∑
α
θαϑαf
(0)
(0) (x)f
(α)
(α) (x) + 2 θ
1θ2ϑ1ϑ2(f (0)(0) (x)f
(12)
(12) (x)− f (1)(1) (x)f (2)(2) (x))
+ (terms of θ¯-degree ≥ 1) ;
f˘3 = f
(0)
(0) (x)
3 + 3
∑
α
θαϑαf
(0)
(0) (x)
2f
(α)
(α) (x) + 3 θ
1θ2ϑ1ϑ2(f (0)(0) (x)
2f
(12)
(12) (x)− 2 f (0)(0) (x)f (1)(1) (x)f (2)(2) (x))
+ (terms of θ¯-degree ≥ 1) ;
(f˘†)2 = f (0)(0) (x)
2 − 2
∑
β˙
θ¯β˙ϑ¯β˙f
(0)
(0) (x)f
(β)
(β) (x) + 2 θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙(f
(0)
(0) (x)f
(12)
(12) (x)− f (1)(1) (x)f (2)(2) (x))
+ (terms of θ-degree ≥ 1) ;
(f˘†)3 = f (0)(0) (x)
3 − 3
∑
β˙
θ¯β˙ϑ¯β˙f
(0)
(0) (x)
2f
(β)
(β) (x) + 3 θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙(f
(0)
(0) (x)
2f
(12)
(12) (x)− 2 f (0)(0) (x)f (1)(1) (x)f (2)(2) (x))
+ (terms of θ-degree ≥ 1) .
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Basic identities in spinor calculus used in the above computations to render the spinor indices
paired up more elegantly are all collected in the Appendix; see, e.g., [W-B: Chap. III, Exercises
(1) & (2); Appendices A & B] for a more complete list.
The standard purge-evaluation/index-contracting map P with respect to (θ, θ¯, ϑ, ϑ¯)
Given a uniform purge-evaluation map P : C∞(Xphysics)→ C∞(X̂), let f˘ ∈ C∞(Xphysics). Then
the variation of P(f˘) under the infinitesimal supersymmetry generators Qα’s and Q¯β˙ takes the
form
QαP(f˘) := ( ∂∂θα −
√−1
∑
β˙,µ
σµ
αβ˙
θ¯β˙∂µ)P(f˘)
= P(ϑα)f (α)(α) (x)− θαP(ϑ1ϑ2)f (12)(12) (x)
+
∑
β˙
θ¯β˙
(∑
µ
σµ
αβ˙
(f (0)[µ] (x)−
√−1∂µf (0)(0) (x))+ P(ϑαϑ¯β˙)f (αβ˙)(αβ˙) (x)
)
+
∑
γ,β˙
θγ θ¯β˙
(
− εαγ(
∑
γ′
P(ϑγ′)f (γ
′)
(12β˙)
(x) + P(ϑ1ϑ2ϑ¯β˙)f (12β˙)(12β˙) (x))
+
√−1P(ϑγ)
∑
µ
σµ
αβ˙
∂µf
(γ)
(γ) (x)
)
+ θ¯1˙θ¯2˙
(∑
δ˙
P(ϑ¯δ˙)(f (δ˙)(α1˙2˙)(x)−
√−1
∑
β˙,µ
εβ˙δ˙σµ
αβ˙
∂µf
(δ˙)
(δ˙)
(x))+ P(ϑαϑ¯1˙ϑ¯2˙)f (α1˙2˙)(α1˙2˙) (x)
)
−
∑
β˙
θ1θ2θ¯β˙P(ϑ1ϑ2) ·
√−1
∑
µ
σαβ˙∂µf
(12)
(12) (x)
+
∑
γ
θγ θ¯1˙θ¯2˙
(
− εαγ(f (0)(121˙2˙)(x) +
∑
γ′,δ˙
P(ϑγ′ ϑ¯δ˙)f (γ
′)
(121˙2˙)
(x) + P(ϑ1ϑ2ϑ¯1˙ϑ¯2˙)f (121˙2˙)(121˙2˙) (x))
+
√−1
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
(
∑
ν
σν
γδ˙
∂µf
(0)
[ν] (x) + P(ϑγ ϑ¯δ˙)∂µf (γδ˙)(γδ˙) (x))
)
− θ1θ2θ¯1˙θ¯2˙ · √−1
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
(
∑
γ
P(ϑγ)∂µf (γ)(12δ˙)(x) + P(ϑ1ϑ2ϑ¯δ˙)∂µf
(12δ˙)
(12δ˙)
(x))
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and
Q¯β˙P(f˘) := (−
∂
∂θ¯β˙
+
√−1
∑
α,µ
θασµ
αβ˙
∂µ)P(f˘)
= −P(ϑ¯β˙)f (β˙)(β˙) +
∑
α
θα
(∑
µ
σµ
αβ˙
(f (0)[µ] +
√−1∂µf (0)(0) (x)) + P(ϑαϑ¯β˙)f (αβ˙)(αβ˙) (x)
)
+ θ¯β˙P(ϑ¯1˙ϑ¯2˙)f (1˙2˙)(1˙2˙) (x)
+θ1θ2
(∑
γ
P(ϑγ)(− f (γ)(12β˙)(x) +
√−1
∑
α,µ
εαγσµ
αβ˙
∂µf
(γ)
(γ) (x)) − P(ϑ1ϑ2ϑ¯β˙)f (12β˙)(12β˙) (x)
)
+
∑
α,δ˙
θαθ¯δ˙
(
− εβ˙δ˙(
∑
δ˙′
P(ϑ¯δ˙′)f (δ˙
′)
(α1˙2˙)
(x) + P(ϑαϑ¯1˙ϑ¯2˙)f (α1˙2˙)(α1˙2˙) (x))
+
√−1P(ϑ¯δ˙)
∑
µ
σµ
αβ˙
∂µf
(δ˙)
(δ˙)
(x)
)
+
∑
δ˙
θ1θ2θ¯δ˙
(
εβ˙δ˙(f
(0)
(121˙2˙)
(x) +
∑
γ,δ˙′
P(ϑγ ϑ¯δ˙′)f (γδ˙
′)
(121˙2˙)
(x) + P(ϑ1ϑ2ϑ¯1˙ϑ¯2˙)f (121˙2˙)(121˙2˙) (x))
+
√−1
∑
α,γ,µ
εαγσµ
αβ˙
(
∑
ν
σν
γδ˙
∂µf
(0)
[ν] (x) + P(ϑγ ϑ¯δ˙)f (γδ˙)(γδ˙) (x))
)
+
∑
α
θαθ¯1˙θ¯2˙ · √−1σµ
αβ˙
P(ϑ¯1˙ϑ¯2˙)∂µf (1˙2˙)(1˙2˙) (x)
+ θ1θ2θ¯1˙θ¯2˙ · √−1
∑
α,γ,µ
εαγσµ
αβ˙
(
∑
δ˙
P(ϑ¯δ˙) ∂µf (δ˙)(γ1˙2˙)(x) + P(ϑγ ϑ¯1˙ϑ¯2˙) ∂µf
(γ1˙2˙)
(γ1˙2˙)
(x)) .
A comparison of f˘ †f˘ (resp. f˘2, f˘3, and QαP(f˘) & Q¯β˙P(f˘)) with [W-B: Chap. V: Eq. (5.9)]
(resp. [ibidem: Eq. (5.7)], [ibidem: Eq.(˙5.8)], [ibidem: Eq.(˙3.10)]) of Julius Wess and Jonathan
Bagger motivates the following definition:
Definition 2.2.1. [standard purge-evaluation/index-contracting map] The purge-evaluation
map P : C∞(Xphysics)→ C∞(X̂) that takes
f˘ = f
(0)
(0) +
∑
α
θαϑαf
(α)
(α) +
∑
β˙
θ¯β˙ϑ¯β˙f
(β˙)
(β˙)
+ θ1θ2ϑ1ϑ2f
(12)
(12) +
∑
α,β˙
θαθ¯β˙
(∑
µ
σµ
αβ˙
f
(0)
[µ] + ϑαϑ¯β˙f
(αβ˙)
(αβ˙)
)
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙f
(1˙2˙)
(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙
(∑
α
ϑαf
(α)
(12β˙)
+ ϑ1ϑ2ϑ¯β˙f
(12β˙)
(12β˙)
)
+
∑
α
θαθ¯1˙θ¯2˙
(∑
β˙
ϑ¯β˙f
(β˙)
(α1˙2˙)
+ ϑαϑ¯1˙ϑ¯2˙f
(α1˙2˙)
(α1˙2˙)
)
+ θ1θ2θ¯1˙θ¯2˙
(
f
(0)
(121˙2˙)
+
∑
α,β˙
ϑαϑ¯β˙f
(αβ˙)
(121˙2˙)
+ ϑ1ϑ2ϑ¯1˙ϑ¯2˙f
(121˙2˙)
(121˙2˙)
)
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to
P(f˘) = f (0)(0) +
∑
α
θαf
(α)
(α) +
∑
β˙
θ¯β˙f
(β˙)
(β˙)
+ θ1θ2f
(12)
(12) +
∑
α,β˙
θαθ¯β˙
(∑
µ
σµ
αβ˙
f
(0)
[µ] + f
(αβ˙)
(αβ˙)
)
+ θ¯1˙θ¯2˙f
(1˙2˙)
(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙
(∑
α
f
(α)
(12β˙)
+ f
(12β˙)
(12β˙)
)
+
∑
α
θαθ¯1˙θ¯2˙
(∑
β˙
f
(β˙)
(α1˙2˙)
+ f
(α1˙2˙)
(α1˙2˙)
)
+ θ1θ2θ¯1˙θ¯2˙
(
f
(0)
(121˙2˙)
+
∑
α,β˙
f
(αβ˙)
(121˙2˙)
+ f
(121˙2˙)
(121˙2˙)
)
=: f(0) +
∑
α
θαf(α) +
∑
β˙
θ¯β˙f(β˙)
+ θ1θ2f(12) +
∑
α,β˙
θαθ¯β˙
(∑
µ
σµ
αβ˙
f[µ] + f
′
(αβ˙)
)
+ θ¯1˙θ¯2˙f(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙
(
f ′
(12β˙)
+ f ′′
(12β˙)
+ f ′′′
(12β˙)
)
+
∑
α
θαθ¯1˙θ¯2˙
(
f ′
(α1˙2˙)
+ f ′′
(α1˙2˙)
+ f ′′′
(α1˙2˙)
)
+ θ1θ2θ¯1˙θ¯2˙
(
f ′
(121˙2˙)
+ f ′′
(121˙2˙)
+ f ′′′
(121˙2˙)
+ f ′′′′
(121˙2˙)
+ f ′′′′′
(121˙2˙)
+ f ′′′′′′
(121˙2˙)
)
=: f(0) +
∑
α
θαf(α) +
∑
β˙
θ¯β˙f(β˙) + θ
1θ2f(12) +
∑
α,β˙
θαθ¯β˙f(αβ˙) + θ¯
1˙θ¯2˙f(1˙2˙)
+
∑
β˙
θ1θ2θ¯β˙f(12β˙) +
∑
α
θαθ¯1˙θ¯2˙f(α1˙2˙) + θ
1θ2θ¯1˙θ¯2˙f(121˙2˙)
is called the standard purge-evaluation map with respect to (θ, θ¯, ϑ, ϑ¯).15 Note that in this pro-
cess, the lower fermionic indices of (ϑ, ϑ¯) in each (θ, θ¯, ϑ, θ¯)-monomial are contracted out16with
the same upper fermionic indices of the coefficient f
(•)
(•) and we call P also the standard index-
contracting map.
A supersymmetric action functional for chiral multiplets via the Fundamental
Theorem
A chiral function f˘ on Xphysics contains four independent component f
(0)
(0) , f
(α)
(α) , f
(12)
(12) ∈ C∞(X)C,
α = 1, 2. It follows from Theorem 1.5.3 that
S1(f
(0)
(0) ; f
(1)
(1) , f
(2)
(2) ; f
(12)
(12) ) = S1(f(0); f(1), f(2); f(12))
:=
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1 P(f˘†f˘) +
∫
X̂
d4x dθ2dθ1 P(λf˘ + 1
2
mf˘2 + 1
3
gf˘3)
+
∫
X̂
d4x dθ¯2˙dθ¯1˙ P(λ¯f˘† + 1
2
m¯(f˘†)2 + 1
3
g¯(f˘†)3)
15Here, for example, we use f ′
(12β˙)
, f ′′
(12β˙)
, f ′′′
(12β˙)
to distinguish P(ϑ1f (1)
(12β˙)
), P(ϑ2f (2)
(12β˙)
), P(ϑ1ϑ2θ¯β˙f (12β˙)(12β˙) ). Since
we use no further detail of this sum in this work, we leave it unspecified which is which. Similarly for f ′
(121˙2˙)
,
f ′′
(121˙2˙)
, f ′′′
(121˙2˙)
, f ′′′′
(121˙2˙)
, f ′′′′′
(121˙2˙)
, f ′′′′′′
(121˙2˙)
.
16The fermionic indices of a coefficient (e.g. f
(12)
(12) ) behave like the indices of a tensor. When performing the
standard purge-evaluation map P, paired lower-and-upper fermionic indices (e.g. the lower 1 and 2 in ϑ1ϑ2 versus
the upper 1 and 2 in f
(12)
(12) ) should drop out from the index structure via evaluation of a dual spinor on a spinor.
The true index structure should be the leftover indices. (E.g. ϑ1ϑ2 f
(12)
(12)
P−→ f (12)(12) =: f(12).)
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gives a functional of chiral multiplets (f
(0)
(0) ; f
(1)
(1) , f
(2)
(2) ; f
(12)
(12) ) that is invariant under supersymme-
tries up to a boundary term on X.
Explicitly, up to boundary terms on X, this is the action functional (cf. [W-B: Chap. V,
Eq. (5.11)])
S1(f(0), f(1), f(2), f(12))
=
∫
X
d4x
(
4
∑
µ
∂µf(0)(x) ∂
µf(0)(x)
+
∑
α,β˙
(− f(β)(x) ·
√−1
∑
µ
σ¯µ,β˙α∂µf(α)(x) + f(α)(x) ·
√−1
∑
µ
σ¯µ,β˙α∂µf(β)(x))
+ f(12)(x)f(12)(x)
)
+
∫
X
d4x
(
λf(12)(x) +m (f(0)(x)f(12)(x)− f(1)(x)f(2)(x))
+g (f(0)(x)2f(12)(x)− 2 f(0)(x)f(1)(x)f(2)(x))+ (complex conjugate)
)
.
The index structure of this explicit expression implies that this functional is indeed Lorentz
invariant.
This is what underlies [W-B: Chap. V] of Wess & Bagger from the aspect of C∞-Algebraic
Geometry.
3 Supersymmetric U(1) gauge theory with matter on X in terms
of Xphysics
In this section, we reproduce the supersymmetric U(1) gauge theory with matter in [W-B:
Chap. VI & U(1) part of Chap. VII] of Wess & Bagger from the (complexified Z/2-graded)
C∞-Algebraic Geometry setting in Sec. 1.
3.1 The bundle/sheaf context underlying a supersymmetric U(1) gauge
theory with matter built from Xphysics
On the mathematics side, a gauge theory usually begins with the setup of a principal bun-
dle, associate bundles from representations, connections and their curvature tensor, e.g. [D-K:
Sec. 2.1]. Such a geometric setup remains there for supersymmetric gauge theories, only that
there are rarely mentioned or brought to front in physics literature. When mathematicians (or
mathematics-oriented physicists) attempt to set such geometry up, the precise setting depends
on how the notion of ‘superspace’ is defined in their context.
In this subsection, we give such a geometric setup for supersymmetric U(1)-gauge theory
with matter in the language of (complexified Z/2-graded) C∞-Algebraic Geometry. As nilpotent
objects (e.g. θ, θ¯, ϑ, ϑ¯) are everywhere in our problem, it is more convenient to use the language
of sheaves, rather than bundles. This is the sheaf theory in (complexified Z/2-graded) C∞-
Algebraic Geometry behind the scene for [W-B: Chap. VI & U(1) part of Chap. VII] of Wess &
Bagger. It can be generalized to the higher rank, nonabelian case.
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The built-in principal bundle/sheaf and all that
The multiplicative group of invertible elements of OphysicsX defines a principal sheaf Ophysics,×X
over Xphysics. It corresponds to the sheaf of sections of a tautological principal C×-bundle P C×
over Xphysics. Note that an f˘ ∈ OphysicsX is invertible if and only if its (θ, θ¯, ϑ, θ¯)-degree-zero
component is invertible, i.e. f
(0)
(0) ∈ OC,×X . Thus,
Ophysics,×X = {f˘ ∈ OphysicsX | f (0)(0) ∈ OC,×X } .
This is the tautological principal C×-sheaf on Xphysics, where C× := (C − {0},×) is the mul-
tiplicative group of C. Since C× is abelian, the adjoint representation of of C× on C as the
associated Lie algebra is trivial. This realizes OphysicsX as the associated sheaf of Lie algebras of
Ophysics,×X . The exponential map is given explicitly by
e := Exp : OphysicsX −→ Ophysics,×X
f˘ 7−→ ef
(0)
(0) ·∑4l=0 1l!(f˘(≥1))l .
Here, f˘ = f
(0)
(0) + f˘(≥1), with f
(0)
(0) ∈ OCX and f˘(≥1) the nilpotent part of f˘ , and note that
(f˘(≥1))5 = 0 for f˘ ∈ OphysicsX . Note also that when f (0)(0) is real, this is compatible with the C∞-
hull structure of OphysicsX . Its local inverse near the identity section 1 ∈ Ophysics,×X defines the
Log map:
Log : Ophysics,×X −→ OphysicsX
f˘ 7−→ log f (0)(0) +
∑4
l=1
(−1)l
l (f
(0)
(0)
−1
f˘(≥1))l .
This is also compatible with the C∞-hull structure of OphysicsX ⊃ Ophysics,×X when f (0)(0) is real.
Definition 3.1.1. [physics-related principal subsheaves in Ophysics,×X ] There are four
physics-related principal sheaves of subgroups in the tautological principal C×-sheaf Ophysics,×X
over Xphysics. Each is characterized by its associated sheaf of Lie subalgebras in OphysicsX :
(1) [tautological chiral principal C×-sheaf Ophysics,ch,×X ] Note that
Ophysics,×,chX := Ophysics,×X ∩ Ophysics,chX = Ophysics,ch,×X ,
where Ophysics,ch,×X is the sheaf of group of invertible elements in Ophysics,chX . This defines
the tautological chiral principal C×-sheaf on Xphysics, whose associated sheaf of Lie algebras
is Ophysics,chX , (which is the same as
√−1 · Ophysics,chX ). The exponential map Exp restricts
to e = Exp : Ophysics,chX → Ophysics,ch,×X .
(2) [tautological antichiral principal C×-sheaf Ophysics,ach,×X ] Note that
Ophysics,×,achX := Ophysics,×X ∩ Ophysics,achX = Ophysics,ach,×X ,
where Ophysics,ach,×X is the sheaf of group of invertible elements in Ophysics,achX . This defines
the tautological antichiral principal C×-sheaf on Xphysics, whose associated sheaf of Lie
algebras is Ophysics,achX , (which is the same as
√−1 · Ophysics,achX ). The exponential map
Exp restricts to e = Exp : Ophysics,achX → Ophysics,ach,×X .
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(3) [tautological principal U(1)-sheaf Ophysics,[,U(1)X and its descendants ] Let17
Ophysics,[X :=

f˘ ∈ OphysicsX
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f˘ is of the form (in the standard coordinate
functions (x, θ, θ¯, ϑ, ϑ¯) on X̂̂)
f
(0)
(0) +
∑
α θ
αϑα f
(α)
(α) +
∑
β˙ θ¯
β˙ϑ¯β˙ f
(β˙)
(β˙)
+ θ1θ2ϑ1ϑ2 f
(12)
(12)
+
∑
α,β˙ θ
αθ¯β˙
∑
µ σ
µ
αβ˙
f
(0)
[µ] + θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙ f
(1˙2˙)
(1˙2˙)
+
∑
β˙ θ
1θ2θ¯β˙
∑
α ϑα f
(α)
(12β˙)
+
∑
α θ
αθ¯1˙θ¯2˙
∑
β˙ ϑ¯β˙f
(β˙)
(α1˙2˙)
+ θ1θ2θ¯1˙θ¯2˙f
(0)
(121˙2˙)
;
namely, f (αβ˙)
(αβ˙)
= f
(12β˙)
(12β˙)
= f
(α1˙2˙)
(α1˙2˙)
= f
(αβ˙)
(121˙2˙)
= f
(121˙2˙)
(121˙2˙)
= 0

and
Ophysics,[,stcX := {s˘ ∈ Ophysics,[X | s˘† = s˘} ⊂ OphysicsX
as a sub-OX -module.18 The image of the restriction of Exp to
√−1 · Ophysics,[,stcX is
a sheaf of subgroups in Ophysics,×X whose restriction to XC is a sheaf of sections of a
principal U(1)-bundle over X. Denote this image in Ophysics,×X by Ophysics,[,U(1)X and call
it the tautological principal U(1)-sheaf on Xphysics. This corresponds to the principal
U(1)-bundle in the gauge theory we are going to study. The construction realizes
√−1 ·
Ophysics,[,stcX as the associated sheaf of Lie algebras of Ophysics,[,U(1)X . One can impose
further R-linear constraints on Ophysics,[,stcX to obtain descendants of Ophysics,[,U(1)X via the
restriction of the exponential map Exp on
√−1 · Ophysics,[,stcX .
(4) [tautological principal R×-sheaf Ophysics,[,R×X and its descendants ] The image of the re-
striction of Exp to Ophysics,[,stcX is a sheaf of subgroups in Ophysics,×X whose restriction to XC
is a sheaf of sections of a principal R×-bundle over X. Denote this image in Ophysics,×X by
Ophysics,[,R×X and call it the tautological principal R×-sheaf on Xphysics. The construction
realizes Ophysics,[,stcX as the associated sheaf of Lie algebras of Ophysics,[,R
×
X . One can impose
further R-linear constraints on Ophysics,[,stcX to obtain descendants of Ophysics,[,R
×
X via the
restriction of the exponential map Exp on Ophysics,[,stcX .
Definition 3.1.2. [Ophysics,chX , Ophysics,achX , Ophysics,[,R
×
X as Ophysics,ch,×X -modules] For each
em ∈ R,19 we shall consider the following action of the tautological principal C×-sheafOphysics,ch,×X
on Ophysics,chX , Ophysics,achX , and Ophysics,[,U(1)X . This turns them into Ophysics,ch,×X -modules.
(1) [Ophysics,chX ] Left multiplication in OphysicsX by the section: e
√−1 emΛ˘ · Ophysics,chX .
Note that this leaves Ophysics,chX ⊂ OphysicsX invariant.
(2) [Ophysics,achX ] Right multiplication in OphysicsX by the twisted complex conjugate of the
section: Ophysics,achX · e−
√−1 emΛ˘† .
Note that this leaves Ophysics,achX ⊂ OphysicsX invariant.
17Caution that Ophysics,[X is only an O CX -submodule, not an O CX -subalgebra, of OphysicsX . It s not closed under
the multiplication of sections.
18Here, stc stands for self-twisted-complex-conjugate
19Note for mathematicians The number em is the electric charge of the chiral matter fields realized as global
sections of Ophysics,chX in the supersymmetric U(1) gauge theory with matter.
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(3) [Ophysics,[,R×X ] Left multiplication in OphysicsX by the inverse of the twisted complex con-
jugate of the section in accompany with right multiplication in OphysicsX
by the inverse of the section: e
√−1 emΛ˘† · Ophysics,[,R×X · e−
√−1 emΛ˘.
Note that this leaves Ophysics,[,R×X ⊂ OphysicsX invariant.
Here a section of Ophysics,ch,×X is expressed in terms of its associated sheaf of Lie algebras as e
√−1Λ˘
with Λ˘ ∈ Ophysics,chX and a section of Ophysics,[,R
×
X is expressed in terms of its associated sheaf of
Lie algebras as eV˘ with V˘ ∈ Ophysics,[,stcX . From the gauge-theoretical aspect, Ophysics,ch,×X plays
the role of the sheaf of gauge symmetries in the problem.
For all the discussions below until the last theme ‘A supersymmetric action functional for
U(1) gauge theory with matter on X’ of Sec. 3.5, we will set em = 1 so that we don’t have to
carry the symbol all along. By replacing Λ˘ with emΛ˘, we recover the charge em case.
Definition 3.1.3. [OphysicsX & Ô ̂X as Ophysics,ch,×X -modules] The same three operations (1),
(2), (3) in Definition 3.1.2 realize both OphysicsX and Ô ̂X as left (cf. (1)), right (cf. (2)), bi- (cf. (3))
Ophysics,ch,×X -modules respectively.
(Even left) connections and their curvature tensor
The notion of ‘connection’ in [L-Y1: Sec. 2.1] can be adapted here. However, there are two
opposing factors ahead of us:
(+) Since physics focuses on OphysicsX , which is purely even, all the complication due to the
Z/2-grading that we have to address in ibidem is gone. Thus, one only needs to consider
even left connections.
(−) Since a connection is a generalization of the exterior differential operator d and Der C(X̂)
does not leave OphysicsX invariant, one cannot just consider a connection on an OphysicsX -
module alone.
Based on the physical applications in practice, with both of the above two factors taken into
account, one is led to consider even left connections∇ on a full Ô ̂X -module Ê . It won’t necessarily
leave an OphysicsX -submodule F of Ê invariant but this is okay as long as we know where ∇ξs is
in Ê for all s ∈ F and ξ ∈ Der C(X̂).
Definition 3.1.4. [even left connection on Ô ̂X -module] (Cf. [L-Y1:Definition 2.1.2].) Let
Ê be an Ô ̂X -module. An even left connection ∇̂ on Ê is a C-bilinear pairing
∇̂ : T
X̂̂ × Ê −→ Ê
(ξ, s) 7−→ ∇̂ξs
such that
(1) [ÔX-linearity in the TX̂̂-argument]
∇̂f1ξ1+f2ξ2s = f1∇̂ξ1s+ f2∇̂ξ2s, for f1, f2 ∈ Ô ̂X , ξ1, ξ2 ∈ TX̂̂ , and s ∈ Ê ;
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(2) [C-linearity in the Ê-argument]
∇̂ξ(c1s1 + c2s2) = c1∇̂ξs1 + c2∇̂ξs2, for c1, c2 ∈ C, ξ ∈ TX̂̂ , and s1, s2 ∈ Ê ;
(3) [Z/2-graded Leibniz rule in the Ê-argument]20
∇̂ξ(fs) = (ξf)s+ (−1)p(f)p(ξ) f · ∇̂ξs,
for f ∈ ÔX , ξ ∈ TX̂̂ parity homogeneous and s ∈ Ê .
As an operation on the pairs (ξ, s), a connection ∇ on Ê is applied to ξ from the right while
applied to s from the left;21 cf. [L-Y1: Lemma 1.3.7 & Remark 1.3.8].
Note that since ∇̂ is even, the parity of ∇̂ξ is the same as that of ξ.
Lemma/Definition 3.1.5. [curvature tensor of (even left) connection] (Cf. [L-Y1:
Lemma/Definition 2.1.9].) Continuing Definition 3.1.4. Let ∇̂ be an even left connection on Ê.
Then the correspondence
F ∇̂ : (ξ1, ξ2; s) 7−→ ([∇̂ξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2}) s ,
for ξ1, ξ2 ∈ Der C(X̂̂) parity-homogeneous and s ∈ Ê, defines an End Ô ̂X (Ê)-valued 2-tensor
on X̂̂. We shall call F ∇̂ thus defined the curvature tensor on X̂̂ associated to the even left
connection ∇̂ on Ê .
Proof. This is a special case of [L-Y1: Lemma/Definition 2.1.9] with the odd part of ∇̂ vanishes.
Using the Z/2-graded Leibniz rule, one can show straightforwardly that, for f , ξ1, ξ2 parity-
homogeneous,
([∇̂fξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2})s = f · ([∇̂ξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2})s ,
([∇̂ξ1 , ∇̂fξ2} − ∇̂[ξ1,ξ2})s = (−1)p(f)p(ξ1) f · ([∇̂ξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2})s ,
([∇̂ξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2})(fs) = (−1)p(f)(p(ξ1)+p(ξ2))f · ([∇̂ξ1 , ∇̂ξ2} − ∇̂[ξ1,ξ2})s .
This proves the lemma.
Since in this work, we only address even left connections, we will simply call them connections.
20In [L-Y1: Definition 2.1.2 ], a left connection on Ê is required to satisfy the generalized Z/2-graded Leibniz
rule in the Ê-argument: ∇̂ξ(fs) = (ξf)s + (−1)p(f)p(ξ) f · ςf(∇̂)ξs, for f ∈ Ô ̂X , ξ ∈ TX̂̂ parity homogeneous
and s ∈ Ê , where ςf(∇̂) is the parity-conjugation of ∇̂ induced by f ; i.e., ςf(∇̂) = ∇̂, if f is even, or ς∇̂ :=
(even part of ∇̂) − (odd part of ∇̂) if f is odd; (cf. [L-Y1: Definition 1.3.1]). When ∇̂ is even, ςf(∇̂) = ∇̂ always
and the general Z/2-graded Leibniz rule reduces to the Z-graded Leibniz rule.
21In the Z/2-graded world, it is instructive to denote ∇̂ξs as ξ∇̂s or ξ∇̂s (though we do not adopt it as a
regularly used notation in this work). In particular, from fξ∇̂s to f(ξ∇̂s), f and ∇̂ do not pass each other.
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Definition 3.1.6. [connection on OphysicsX -submodule - abuse] Though in general a con-
nection ∇̂ on an Ô ̂X -module Ê does not leave a OphysicsX -submodule F invariant and hence does
not restrict to a connection on F , for ξ ∈ Der C(X̂̂) and s ∈ F one does know where ∇̂ξs goes
in Ê . Furthermore, in all our applications, ξ ∈ Der C(X̂) and hence
∇̂ξ : F −→ ÔX · F
in Ê . For the convenience of terminology, we will still call ∇̂ a connection on F with the
understanding that it may not take values in F alone.
Pre-vector superfields and their associated (even left) connections
Definition 3.1.7. [pre-vector superfield] A global section
V˘ ∈ Γ(Ophysics,[,stcX ) =: C∞(Xphysics)[,stc
is called a pre-vector superfield on Xphysics.
For physicists working on supersymmetric gauge theories, the following class of even left
connections (adapted to the current U(1) case) is the major concern.
Definition 3.1.8. [(even left) connection associated to pre-vector superfield] With
the above setting, let V˘ ∈ C∞(Xphysics)[,stc be a pre-vector superfield on Xphysics. Then, one
can define an (even left) connection ∇̂V˘ on Ô ̂X (as a left OphysicsX -module) associated to V˘ as
follows.
(1) Firstly, we acquire the compatibility with the chiral structure on OphysicsX by setting
∇̂V˘eβ′′ := eβ′′ .
(2) Secondly, we set22
∇̂V˘eα′ := e
−V˘ ◦ eα′ ◦ eV˘ = eα′ + e−V˘ (eα′eV˘ ) .
Thus, in a way V is an indication of the twisting of the original antichiral structure of
OphysicsX to the one selected by ∇̂eα′ .
(3) Finally, we set
∇̂V˘eµ =
√−1
2
∑
α,β˙
σ˘αβ˙µ {∇̂V˘eα′ , ∇̂
V˘
eβ′′} ,
where σ˘µ = (σ˘
αβ˙
µ )αβ˙ with
σ˘0 :=
1
2
[ −1 0
0 −1
]
, σ˘1 :=
1
2
[
0 1
1 0
]
, σ˘2 :=
1
2
[
0
√−1
−√−1 0
]
, σ˘3 :=
1
2
[
1 0
0 −1
]
.
This is indeed a flatness condition on the curvature of ∇̂V˘ in the fermionic directions
(eα′ , eβ′′). (Cf. Lemma 3.1.9 for the precise statement.)
22The choice of using whether e−V˘ ◦ eα′ ◦ eV˘ or eV˘ ◦ eα′ ◦ e−V˘ as the definition of ∇̂V˘eα′ is dictated by how
one would construct the action functional for the gauge-invariant kinetic term for the chiral superfield in the
supersymmetric U(1)-gauge theory with matter. The former is consistent with the setting in Sec. 3.5 while the
latter isn’t. Cf. Lemma 3.2.6 vs. Sec. 3.5, theme ’Explicit computations/formulae’.
35
Since V˘ is even, ∇̂V˘ as defined is even as well. In this way a pre-vector superfield V˘ ∈
C∞(Xphysics)[,stc determines an even left connection ∇̂V˘ on Ô ̂X . ∇̂V˘ is called the connec-
tion on Ô ̂X associated to V˘ ; cf. Definition 3.1.6. For simplicity of notations, we often denote
∇̂V˘ by ∇̂, keeping V˘ implicit.
Lemma 3.1.9. [flatness of ∇V˘ along fermionic directions] Let ∇̂ = ∇̂V˘ be the connection
on Ô ̂X associated to a pre-vector superfield V˘ . Let F ∇̂ be the curvature 2-tensor of ∇̂ and denote
F ∇̂(eα′ , eβ′) (resp. F ∇̂(eα′′ , eβ′′), F ∇̂(eα′ , eβ′′)) by F ∇̂α′β′ (resp. F
∇̂
α′′β′′, F
∇̂
α′β′′). Then with respect
to the supersymmetrically invariant coframe (eI)I on X̂, the components of the curvature tensor
F ∇̂ of ∇̂ in purely fermionic directions all vanish: for α′, β′ = 1′, 2′ and α′′, β′′ = 1′′, 2′′,
F ∇̂α′β′ = F
∇̂
α′′β′′ = F
∇̂
α′β′′ = 0 .
Proof. F ∇̂α′′β′′ = {eα′′ , eβ′′} = 0. F ∇̂α′β′ = e−V˘ ◦ {eα′′ , eβ′′} ◦ eV˘ = 0. And
F ∇̂α′β′′ = {∇̂e′α , ∇̂eβ′′} − ∇̂{eα′ ,eβ′′} = 0 by tautology since ∇̂{eα′ ,eβ′′} = −2
√−1 ∑µ σµαβ˙ ∇̂eµ and
the design of ∇̂eµ as a C-combination of ∇̂{eα′ ,eβ′′}’s comes exactly from solving F ∇̂α′β′′ = 0.
With the super version of the standard geometry for a U(1) gauge theory Xphysics provided,
we can now redo [W-B: Chap. VI] of Wess & Bagger to construct a supersymmetric U(1) gauge
theory on X. Readers are referred also to, e.g., [Argu: Sec. 4.3] of Riccardo Argurio for a very
detailed physicists’ treatment of the topics in the next two subsections. By comparison, one
can see that the notion of the physics sector Xphysics of X̂̂ from (complexified Z/2-graded)
C∞-Algebraic Geometry and the purge-evaluation map P : C∞(Xphysics) → C∞(X̂) together
really fits particle physicists’ language of and ways of playing with supersymmetries.
3.2 Pre-vector superfields in Wess-Zumino gauge
Most of the discussions in [W-B: Chap. VI] of Wess & Bagger for vector superfields hold for
pre-vector superfields as well.
Gauge transformations of a pre-vector superfield
Recall from Definition 3.1.2 that under a gauge transformation specified by a chiral superfield
Λ˘ ∈ Ophysics,chX , a pre-vector superfield V˘ transforms as
V˘ −→ V˘ + δΛ˘V˘ := V˘ −
√−1(Λ− Λ†) .
Explicitly, let23
V˘ = V
(0)
(0) +
∑
α
θαϑαV
(α)
(α) −
∑
β˙
θ¯β˙ϑ¯β˙V
(β)
(β)
+ θ1θ2ϑ1ϑ2V
(12)
(12) +
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] + θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙V
(12)
(12)
+
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙) + θ
1θ2θ¯1˙θ¯2˙V
(0)
(121˙2˙)
∈ C∞(Xphysics)[,stc
23From now on, we keep the x-dependence of f
•
• ∈ C∞(X)C implicit to declutter the notations.
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and24
Λ˘ = Λ
(0)
(0) +
∑
α
θαϑαΛ
(α)
(α) + θ
1θ2ϑ1ϑ2Λ
(12)
(12) +
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µΛ
(0)
(0)
−√−1
∑
β˙,µ
θ1θ2θ¯β˙
∑
α,γ,µ
εαγσµ
αβ˙
∂µ(ϑγΛ
(γ)
(γ)) + θ
1θ2θ¯1˙θ¯2˙ − Λ(0)(0)
∈ C∞(Xphysics)ch ,
where  := −∂20 + ∂21 + ∂22 + ∂23 . The twisted complex conjugate Λ˘† of Λ˘ is given by
Λ˘† = Λ(0)(0) −
∑
β˙
θ¯β˙ϑ¯β˙Λ
(β)
(β) + θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙Λ
(12)
(12) −
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µΛ
(0)
(0)
+
√−1
∑
α,µ
θαθ¯1˙θ¯2˙
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µ(ϑ¯δ˙Λ
(δ)
(δ))− θ1θ2θ¯1˙θ¯2˙Λ(0)(0)
∈ C∞(Xphysics)ach .
Then,
V˘ + δΛ˘V˘ := V˘ −
√−1(Λ˘− Λ˘†)
= (V (0)(0) + δΛ˘V
(0)
(0) ))+
∑
α
θαϑα(V (α)(α) + δΛ˘V
(α)
(α) )−
∑
β˙
θ¯β˙ϑ¯β˙(V
(β)
(β) + δΛ˘V
(β)
(β) )
+ θ1θ2ϑ1ϑ2(V (12)(12) + δΛ˘V
(12)
(12) )+
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
(V (0)[µ] + δΛ˘V
(0)
([µ]))
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙(V
(12)
(12) + δΛ˘V
(12)
(12) )
+
∑
β˙
θ1θ2θ¯β˙
∑
γ
ϑγ(V (γ)(12β˙) + δΛ˘V
(γ)
(12β˙)
)+
∑
α
θαθ¯1˙θ¯2˙
∑
δ˙
ϑ¯δ˙(V
(δ)
(12α˙) + δΛ˘V
(δ)
(12α˙))
+ θ1θ2θ¯1˙θ¯2˙(V (0)
(121˙2˙)
+ δΛ˘V
(0)
(121˙2˙)
)
= (V (0)(0) −
√−1(Λ(0)(0) − Λ(0)(0)))+
∑
α
θαϑα(V (α)(α) −
√−1Λ(α)(α))−
∑
β˙
θ¯β˙ϑ¯β˙(V
(β)
(β) +
√−1 Λ(β)(β))
+ θ1θ2ϑ1ϑ2(V (12)(12) −
√−1Λ(12)(12))+
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
(V (0)[µ] + ∂µ(Λ
(0)
(0) + Λ
(0)
(0)))
+ θ¯1˙θ¯2˙ϑ¯1˙ϑ¯2˙(V
(12)
(12) +
√−1 Λ(12)(12))
+
∑
β˙
θ1θ2θ¯β˙(
∑
γ
ϑγV
(γ)
(12β˙)
−
∑
α,γ,µ
εαγσµ
αβ˙
∂µ(ϑγΛ
(γ)
(γ)))
+
∑
α
θαθ¯1˙θ¯2˙(
∑
δ˙
ϑ¯δ˙V
(δ)
(12α˙) −
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µ(ϑ¯δ˙Λ
(δ)
(δ)))
+ θ1θ2θ¯1˙θ¯2˙(V (0)
(121˙2˙)
+
√−1(Λ(0)(0) − Λ(0)(0)))
∈ C∞(Xphysics)[,stc .
A comparison of δΛ˘V
(0)
121˙2˙
against δΛ˘V
(0)
(0) and δΛ˘V
(α)
(12β˙)
against δΛ˘V
(α)
(α) implies that if one
expresses a pre-vector superfield V˘ ∈ C∞(Xphysics)[,stc in the following shifted form (cf. [W-B:
24In Sec. 2.1 we express the coefficient of the θ1θ2θ¯β˙-term (resp. the θαθ¯1˙θ¯2˙-term) of a chiral superfield (resp.
antichiral superfield) in an expanded form. Here, it is more convenient to express them in the summation form.
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Chap. VI, Eq. (6.2)], which can always be made)
V˘ = V
(0)
(0) +
∑
α
θαϑαV
(α)
(α) −
∑
β˙
θ¯β˙ϑ¯β˙V
(β)
(β)
+ θ1θ2ϑ1ϑ2V
(12)
(12) +
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] + θ¯
1˙θ¯2˙ϑ¯1˙ϑ¯2˙V
(12)
(12)
+
∑
β˙
θ1θ2θ¯β˙(
∑
γ
ϑγV
(γ)
(12β˙)
− √−1
∑
α,γ,µ
εαγσµ
αβ˙
∂µ(ϑγV
(γ)
(γ) ))
+
∑
α
θαθ¯1˙θ¯2˙(
∑
δ˙
ϑ¯δ˙V
(δ)
(12α˙) +
√−1
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µ(ϑ¯δ˙V
(δ)
(δ) ))
+ θ1θ2θ¯1˙θ¯2˙ (V (0)
(121˙2˙)
− V (0)(0) ) ,
then the component-functions V
(α)
(12β˙)
, V
(α)
(12β˙)
, V
(0)
(121˙2˙)
, α = 1, 2, β˙ = 1˙, 2˙, are invariant under gauge
transformations.
Definition 3.2.1. [pre-vector superfield in the shifted expression] We call a pre-vector
superfield expressed in the above shifted form a pre-vector superfield in the shifted expression.
Lemma 3.2.2. [R-linearity] An R-linear combination25 of pre-vector superfields in the shifted
expression is also a pre-vector superfield in the shifted expression.
It follows that, for a given pre-vector superfield V˘ in the shifted expression, if one chooses Λ˘
with
Im Λ
(0)
(0) = − 12 V
(0)
(0) , Λ
(α)
(α) = −
√−1V (α)(α) , Λ
(12)
(12) = −
√−1V (12)(12) ,
which always exists, then after the gauge transformation specified by Λ˘, V˘ becomes
V˘ ′ =
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
(V (0)[µ] + 2 ∂µRe Λ
(0)
(0))
+
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙) + θ
1θ2θ¯1˙θ¯2˙ V
(0)
(121˙2˙)
.
We summarize the above discussion into the following definition and lemmas:
Definition/Lemma 3.2.3. [pre-vector superfield in Wess-Zumino gauge] We call a
pre-vector superfield V˘ ∈ C∞(Xphysics)[,stc that is in the following form
V˘ =
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] +
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙) + θ
1θ2θ¯1˙θ¯2˙V
(0)
(121˙2˙)
a pre-vector superfield in Wess-Zumino gauge.
Given any pre-vector V˘ , there exists a unique chiral superfield Λ˘ depending on V˘ with
Re Λ
(0)
(0) = 0 such that the gauge transformation specified by Λ˘ takes V˘ to a pre-vector super-
field in Wess-Zumino gauge.
25However, caution that a C∞(X)-linear combination of pre-vector superfields in general is not directly a
pre-vector superfield in the shifted expression. One has to convert it accordingly.
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Lemma 3.2.4. [naturality] (1) The set of pre-vector superfields in Wess-Zumino gauge is a
C∞(X)-submodule of C∞(Xphysics)[,stc . (2) If a pre-vector superfield V˘ expressed in terms of the
standard coordinate functions (x, θ, θ¯, ϑ, θ¯) on X̂̂ is in Wess-Zumino gauge, then it remains in
Wess-Zumino gauge when re-expressed in terms of the chiral coordinate functions (x′, θ, θ¯, ϑ, θ¯)
or the antichiral coordinate functions (x′′, θ, θ¯, ϑ, θ¯) on X̂̂.
Proof. Statement (1) is clear. We focus on Statement (2).
Recall that x′ = x +
√−1θσθ¯t. When in Wess-Zumino gauge, a pre-vector superfield V˘ in
terms of the standard coordinate functions (x, θ, θ¯, ϑ, θ¯) is written as
V˘ =
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] (x) +
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
(x)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙)(x) + θ
1θ2θ¯1˙θ¯2˙V
(0)
(121˙2˙)
(x)
To re-express V˘ in terms of the chiral coordinate functions (x′, θ, θ¯, ϑ, θ¯) on X̂̂, one substitutes
x in V •• (x) by x
′ −√−1θσθ¯t and use the C∞-hull structure of C∞(X̂) to expand it in x′. Due
to the product structure of θα, θ¯β˙, this will only influence the coefficient of θ1θ2θ¯1˙θ¯2˙ and, hence,
keep the pre-vector superfield in Wess-Zumino gauge. Explicitly, the result after collecting like
terms is
V˘ =
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] (x
′) +
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
(x′)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙)(x
′) + θ1θ2θ¯1˙θ¯2˙(V (0)
(121˙2˙)
(x′) + 2
√−1 ∂µV (0)[µ] (x′)) .
Similar argument goes when re-expressing V˘ in terms of the antichiral coordinate functions
(x′′, θ, θ¯, ϑ, θ¯), with x′′ = x−√−1θσθ¯t, θ, θ¯, on X̂̂. The explicit expression is given by
V˘ =
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
V
(0)
[µ] (x
′′) +
∑
β˙
θ1θ2θ¯β˙
∑
α
ϑαV
(α)
(12β˙)
(x′′)
+
∑
α
θαθ¯1˙θ¯2˙
∑
β˙
ϑ¯β˙V
(β)
(12α˙)(x
′′) + θ1θ2θ¯1˙θ¯2˙(V (0)
(121˙2˙)
(x′′)− 2√−1 ∂µV (0)[µ] (x′′)) .
This completes the proof.
Lemma 3.2.5. [representative in Wess-Zuminio gauge] Any pre-vector superfield
V˘ ∈ C∞(Xphysics)[,stc can be transformed to a pre-vector superfield in Wess-Zumino gauge by a
gauge transformation.
In the shifted expression, once a pre-vector superfield is rendered a pre-vector superfield f˘ in
Wess-Zumino gauge, a gauge transformation specified by Λ˘ with
Im Λ
(0)
(0) = Λ
(α)
(α) = Λ
(12)
(12) = 0 ,
(i.e.
Λ˘ = Λ
(0)
(0) +
√−1
∑
α,β˙
θαθ¯β˙
∑
µ
σµ
αβ˙
∂µΛ
(0)
(0) − θ1θ2θ¯1˙θ¯2˙Λ
(0)
(0)
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with Λ
(0)
(0) real-valued) will send f˘ to another f˘
′ still in Wess-Zumino gauge with only the com-
ponents V
(0)
[µ] of V˘ transformed, by
V
(0)
[µ] −→ V
(0)
[µ] + 2 ∂µΛ
(0)
(0) .
Lemma 3.2.6. [restriction ∇V˘ of ∇̂V˘ to XC] Let V˘ be a pre-vector superfield in Wess-
Zumino gauge. Then the restriction ∇V˘ of ∇̂V˘µ to XC is given by ∂µ −
√−1
2 V
(0)
[µ] , µ = 0, 1, 2, 3 .
Proof. Denote ∇̂V˘ by ∇̂. Since XC ⊂ X̂̂ is described by the ideal in C∞(X̂̂) generated
by θ, θ¯, ϑ, ϑ¯, the restriction of ∇̂ to XC is simply the (θ, θ¯, ϑ, ϑ¯)-degree-zero part of ∇̂ when
expressed in terms of the standard coordinate functions (x, θ, θ¯, ϑ, ϑ¯) on X̂̂. This in turn is a C-
linear combination of the (θ, θ¯, ϑ, ϑ¯)-degree-zero part of {∇̂eα′ , ∇̂eβ′′} in the standard coordinate
functions (x, θ, θ¯, ϑ, ϑ¯).
From the definition of ∇̂ and the Z/2-graded Leibniz rule, one has
{∇̂eα′ , ∇̂eβ′′} = {eα′ + e−V˘ (eα′eV˘ ) , eβ′′}
= {eα′ , eβ′′} + (eβ′′e−V˘ )(eα′eV˘ ) + e−V˘ (eβ′′eα′eV˘ ) .
The (θ, θ¯, ϑ, ϑ¯)-degree-zero terms of {∇̂eα′ , ∇̂eβ′′} thus come from {eα′ , eβ′′}, which equals
−2√−1∑ν σναβ˙∂ν , and the (θ, θ¯, ϑ, ϑ¯)-degree-zero terms of the summand eβ′′eα′ V˘ from the ex-
pansion of e−V˘ (eβ′′eα′eV˘ ) = (1 − V˘ + 12 V˘ 2)(eβ′′eα′(1 + V˘ + 12 V˘ 2)), which is −
∑
ν σ
ν
αβ˙
V
(0)
[ν] . It
follows that
∇µ := ∇̂µ|XC =
√−1
2
∑
α,β˙
σ˘αβ˙µ
∑
ν
σν
αβ˙
(− 2√−1∂ν − V (0)[ν] ) = ∂µ −
√−1
2 V
(0)
[µ] .
Here, the identity
∑
α,β˙ σ˘
αβ˙
µ σναβ˙ = δ
ν
µ is used. This proves the lemma.
Explicit formulae for ∇̂V˘µ
The full expression of ∇̂V˘µ for V˘ in Wess-Zumino gauge is given here for the completeness of the
discussion. It’s a curious feature that the curvature of ∇ := ∇̂V˘ |XC is somehow already captured
in the (θ, θ¯)-degree-> 0-terms of ∇̂V˘µ ’s.
∇̂µ = ∂µ +
√−1
2
∑
α,β˙
σ˘αβ˙µ Θαβ˙ ,
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where
Θαβ˙ = (eβ′′e
−V˘ )(eα′eV˘ )+ e−V˘ (eβ′′eα′eV˘ )
= −
∑
ν
σν
αβ˙
V
(0)
[ν] −
∑
γ
θγεαγ(
∑
γ′ϑγ′V
(γ′)
(12β˙)
) +
∑
δ˙
θ¯δ˙εβ˙δ˙(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
12α˙ )
+
∑
γ,δ˙
θγ θ¯δ˙
(
εαγεβ˙δ˙V
(0)
(121˙2˙)
+
√−1
∑
β˙′,δ˙′,µ,ν
εβ˙δ˙ε
β˙′δ˙′σµ
αβ˙′
σν
γδ˙′ ∂µV
(0)
[ν] −
√−1
∑
µ,ν
σµ
γβ˙
σν
αδ˙
∂µV
(0)
[ν]
+
∑
µ
εαγεβ˙δ˙V
(0)
(µ) V
[µ];(0) −
∑
µ,ν
σµ
γβ˙
σν
αδ˙
V
(0)
[µ] V
(0)
[ν] +
∑
µ,ν
σµ
αβ˙
σν
γδ˙
V
(0)
[µ] V
(0)
[ν]
)
+
∑
δ˙
θ1θ2θ¯δ˙
(√−1 ∑
β˙′,δ˙′,µ
εβ˙δ˙ε
β˙′δ˙′σµ
αβ˙′
∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙′)
)
−√−1
∑
µ
σµ
αβ˙
∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) + 2
∑
µ
σµ
αδ˙
V
(0)
[µ] (
∑
γ′V
(γ′)
(12β˙)
)
)
+
∑
γ
θγ θ¯1˙θ¯2˙
(
−√−1
∑
µ
σµ
γβ˙
∂µ(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12α˙)) + 2
∑
µ
σµ
αβ˙
V
(0)
[µ] (
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12γ˙))
)
+ θ1θ2θ¯1˙θ¯2˙
(
−√−1
∑
µ
σµ
αβ˙
∂µV
(0)
(121˙2˙)
−
∑
γ,γ′,β˙′,δ˙′,µ,µ′,ν
εγγ
′
εβ˙
′δ˙′σµ
γβ˙
σµ
′
αβ˙′
σν
γ′δ˙′ ∂µ∂µ′V
(0)
[ν]
−√−1
∑
µ,ν
σµ
αβ˙
∂µ(V
(0)
[ν] V
[ν];(0))
+
√−1
∑
γ,γ′,δ˙,δ˙′,µ,µ′,ν
εγγ
′
εδ˙δ˙
′
σµ
γβ˙
σµ
′
γ′δ˙
σν
αδ˙′ V
(0)
[ν] ∂µV
(0)
[µ′]
−√−1
∑
γ,γ′,δ˙,δ˙′,µ,µ′,ν
εγγ
′
εδ˙δ˙
′
σµ
γδ˙
σµ
′
γ′β˙
σν
αδ˙′ V
(0)
[µ] ∂µ′V
(0)
[ν]
+ 4 (
∑
γ′ϑγ′V
(γ′)
(12β˙)
)(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12α˙))
)
.
Observe that Θαβ˙ involves at most terms quadratic in components of V˘ . Terms cubic in
components of V˘ do appear in the immediate steps but they cancel each other in the end. There
are terms that contain the factor σν
αβ˙
. They give rise to terms in ∇̂V˘µ of the following form:
∇̂V˘µ = ∂µ −
√−1
2
V
(0)
[µ] +
√−1
2
∑
γ,δ˙
θγ θ¯δ˙ · V (0)[µ]
∑
νσ
ν
γδ˙
V
(0)
[ν] +
1
2
∑
δ˙
θ1θ2θ¯δ˙ · ∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
)
+
√−1
∑
γ
θγ θ¯1˙θ¯2˙V
(0)
[µ] (
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12γ˙)) +
1
2
θ1θ2θ¯1˙θ¯2˙
(
∂µV
(0)
(121˙2˙)
+ ∂µ(
∑
ν V
(0)
[ν] V
[ν];(0))
)
+ ( · · · · · · ) ,
where all terms in ( · · · · · · ) have the total (θ, θ¯)-degree ≥ 1.
3.3 Supersymmetry transformations of a pre-vector superfield
in Wess-Zumino gauge
Readers are recommend to read this subsection along with [Argu: Sec. 4.3, pp. 76, 77] of Argurio
and [G-G-R-S: Sec. 4.2.1, from before Eq. (4.2.7) to after Eq. (4.2.13)] of Gates, Grosaru, Roc˘ek,
& Siegel for comparison.
Recall the Grassmann parameter level of X̂̂. The setup, discussions, and results in Sec. 3.1
and Sec. 3.2 can be generalized straightforwardly to the case where the Grassmann parameter
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level is turned on. We shall use this to understand how supersymmetries act on pre-vector
superfields in Wess-Zumino gauge.
To preserve the self-twisted-conjugate condition V˘ † = V˘ of a pre-vector superfield V˘ , let
(η, η¯) := (η1, η2; η¯1˙, η¯2˙) be a conjugate pair of constant sections of S ′ ∨parameter ⊕ S ′′ ∨parameter ⊂ Ô ̂X
and consider the infinitesimal supersymmetry transformation
δ(η,η¯)V˘ := (ηQ+ η¯Q¯)V˘ := (
∑
αη
αQα −
∑
β˙ η¯
β˙Q¯β˙) V˘
of V˘ . Then (δ(η,η¯)V˘ )
† = δ(η,η¯)V˘ . However, for V˘ in Wess-Zumino gauge, (ηQ + η¯Q¯)V˘ remains
a pre-vector superfield but in general no longer in Wess-Zumino gauge. This can be remedied
by a gauge transformation: (e.g., [Argu: Sec. 4.3.1], [G-G-R-S: Sec. 4.2.a.1], [W-B: Chap. VII,
Exercise (8)], and [We: Sec. 15.3, Eq. (15.78)])
Lemma 3.3.1. [uniqueness of correcting gauge transformation] Let V˘ be a pre-vector
superfield in Wess-Zumino gauge. Then there is a unique chiral superfield Λ(η,η¯;V˘ ) depending
C-multilinearly on (η, η¯) and V˘ such that the gauge transformation
(ηQ+ η¯Q¯)V˘ − √−1(Λ(η,η¯;V˘ ) − Λ†(η,η¯;V˘ ))
of (ηQ+ η¯Q¯)V˘ is in Wess-Zumino gauge.
Proof. When V˘ is in Wess-Zumino gauge, (•)
(0)
(0)-component of (ηQ + η¯Q¯)V˘ is always zero. It
follows from the explicit computation in the previous theme that leads to Lemma 3.2.5 that
there is a unique chiral superfield Λ˘ associated to (ηQ + η¯Q¯)V˘ with Λ
(0)
(0) = 0 such that (ηQ +
η¯Q¯)V˘ − √−1(Λ − Λ†) is in Wess-Zumino gauge. The same explicit computation implies also
that this unique Λ depends C-multilinearly on (η, η¯) and V˘ . This proves the lemma.
Definition 3.3.2. [supersymmetry in Wess-Zumino gauge] Set
(ηQ+ η¯Q¯)V˘ − √−1(Λ(η,η¯;V˘ ) − Λ†(η,η¯;V˘ )) =
∑
α
ηαQWZα V˘ −
∑
β˙
η¯β˙Q¯WZ
β˙
V˘ .
This defines (infinitesimal) supersymmetry transformations in Wess-Zumino gauge QWZα , Q¯
WZ
β˙
that take a superfield in Wess-Zumino gauge to another in Wess-Zumino gauge.
Explicitly, let
V˘ =
∑
γ,δ˙,ν
θγ θ¯δ˙σν
γ,δ˙
V
(0)
[ν] +
∑
δ˙
θ1θ2θ¯δ˙
∑
γ′
ϑγ′V
(γ′)
(12δ˙)
+
∑
γ
θγ θ¯1˙θ¯2˙
∑
δ˙′
ϑ¯δ˙′V
(δ′)
(12γ˙) + θ
1θ2θ¯1˙θ¯2˙V
(0)
(121˙2˙)
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be a pre-vector superfield in Wess-Zumino gauge. Then,
δηQ+η¯Q¯V˘ := (ηQ+ η¯Q¯)V˘
= (
∑
α
ηα
∂
∂θα
−√−1
∑
α,β˙,µ
ηασµ
αβ˙
θ¯β˙∂µ)V˘ + (
∑
β˙
η¯β˙
∂
∂θ¯β˙
+
√−1
∑
α,β˙,µ
θασµ
αβ˙
η¯β˙∂µ)V˘
=
∑
γ
θγ
∑
β˙,ν
η¯β˙σν
γβ˙
V
(0)
[ν] +
∑
δ˙
θ¯δ˙ · (−1)
∑
α,ν
ηασν
αδ˙
V
(0)
[ν] + θ
1θ2
∑
β˙
η¯β˙(
∑
γ′ϑγ′V
(γ′)
(12β˙)
)
+
∑
γ,δ˙
θγ θ¯δ˙(−
∑
α
ηαεαγ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) +
∑
β˙
η¯β˙εβ˙δ˙(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12γ˙)))+ θ¯
1˙θ¯2˙
∑
α
ηα(
∑
δ˙′V
(δ′)
(12α˙))
+
∑
δ˙
θ1θ2θ¯δ˙(
∑
β˙
η¯β˙εβ˙δ˙V
(0)
(121˙2˙)
+
√−1
∑
α,β˙,γ,µ,ν
η¯β˙εαγσµ
αβ˙
σν
γδ˙
∂µV
(0)
[ν] )
+
∑
γ
θγ θ¯1˙θ¯2˙(
∑
α
ηαεαγV
(0)
(121˙2˙)
−√−1
∑
α,β˙,δ˙,µ,ν
ηαεβ˙δ˙σµ
αβ˙
σν
γδ˙
∂µV
(0)
[ν] )
+ θ1θ2θ¯1˙θ¯2˙ · (−√−1)(
∑
α,β˙,δ˙,µ
ηαεβ˙δ˙σµ
αβ˙
∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) +
∑
β˙,α,γ,µ
η¯β˙εαγσµ
αβ˙
∂µ(
∑
δ˙′V
(δ′)
(12γ˙))) .
Let Λ˘ be the unique chiral superfield in Ô ̂X with
Λ˘(0) = 0 , Λ˘(γ) = −
√−1
∑
β˙,ν
η¯β˙σν
γβ˙
V
(0)
[ν] , Λ˘(12) = −
√−1
∑
β˙
η¯β˙(
∑
γ′ϑγ′V
(γ′)
(12β˙)
) .
I.e.
Λ˘ = −√−1
∑
γ
θγ
∑
β˙,ν
η¯β˙σν
γβ˙
V
(0)
[ν] −
√−1 θ1θ2
∑
β˙
η¯β˙(
∑
γ′ϑγ′V
(γ′)
(12β˙)
)
−
∑
δ˙
θ1θ2θ¯δ˙
∑
β˙,α,γ,µ,ν
η¯β˙εαγσµ
αδ˙
σν
γβ˙
∂µV
(0)
[ν] .
Then,
δηQ+η¯Q¯V˘ + δΛ˘V˘ = (ηQ+ η¯Q¯)V˘ −
√−1 (Λ˘− Λ˘†)
=
∑
γ,δ˙
θγ θ¯δ˙(−
∑
α
ηαεαγ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) +
∑
β˙
η¯β˙εβ˙δ˙(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12γ˙)))
+
∑
δ˙
θ1θ2θ¯δ˙ ·
∑
β˙
η¯β˙(εβ˙δ˙V
(0)
(121˙2˙)
+
√−1
∑
α,γ,µ,ν
εαγσµ
αβ˙
σν
γδ˙
Fµν)
+
∑
γ
θγ θ¯1˙θ¯2˙ ·
∑
α
ηα(εαγV (0)(121˙2˙) −
√−1
∑
β˙,δ˙,µ,ν
εβ˙δ˙σµ
αβ˙
σν
γδ˙
Fµν)
+ θ1θ2θ¯1˙θ¯2˙ · (−√−1)(
∑
α,β˙,δ˙,µ
ηαεβ˙δ˙σµ
αβ˙
∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) +
∑
β˙,α,γ,µ
η¯β˙εαγσµ
αβ˙
∂µ(
∑
δ˙′V
(δ′)
(12γ˙)))
=:
∑
α
ηαQWZα V˘ −
∑
β˙
η¯β˙Q¯WZ
β˙
V˘ ,
where Fµν := ∂µV
(0)
[ν] − ∂νV
(0)
[µ] , now resumes in Wess-Zumino gauge.
From this, one reads off
QWZα V˘ = −
∑
γ,δ˙
θγ θ¯δ˙εαγ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
)−
∑
γ
θγ θ¯1˙θ¯2˙ · (εαγV (0)(121˙2˙) −
√−1
∑
β˙,δ˙,µ,ν
εβ˙δ˙σµ
αβ˙
σν
γδ˙
Fµν)
+ θ1θ2θ¯1˙θ¯2˙ · (−√−1)
∑
β˙,δ˙,µ
εβ˙δ˙σµ
αβ˙
∂µ(
∑
γ′ϑγ′V
(γ′)
(12δ˙)
) ,
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Q¯WZ
β˙
V˘ = −
∑
γ,δ˙
θγ θ¯δ˙εβ˙δ˙(
∑
δ˙′ ϑ¯δ˙′V
(δ′)
(12γ˙)) +
∑
δ˙
θ1θ2θ¯δ˙ · (εβ˙δ˙V (0)(121˙2˙) +
√−1
∑
α,γ,µ,ν
εαγσµ
αβ˙
σν
γδ˙
Fµν)
+ θ1θ2θ¯1˙θ¯2˙ · √−1
∑
α,γ,µ
εαγσµ
αβ˙
∂µ(
∑
δ˙′V
(δ′)
(12γ˙)) .
The supersymmetry algebra generated by QWZα ’s, Q¯
WZ
β˙
’s, and ∂µ’s is now closed only up to a
gauge transformation.
3.4 From pre-vector superfields to vector superfields
The discussion in Sec. 3.2 is mathematically perfectly fine. However, when compared to the
vector multiplet in representations of d = 3 + 1, N = 1 supersymmetry algebra, there are two
redundant degrees of freedom in a pre-vector superfield V˘ due to that for each β˙ ∈ {1˙, 2˙}, the
coefficient of the θ1θ2θ¯β˙-term contains ϑ1V
(1)
(12β˙)
+ ϑ2V
(2)
(12β˙)
, which has two component-functions
V
(1)
(12β˙)
, V
(2)
(12β˙)
∈ C∞(X)C, instead of one. Such redundancies can be removed easily26 as follows:
· For a pre-vector superfield V˘ in the shifted expression, for each β˙ = 1˙, 2˙, introduce an
R linear constraint on
∑
γ ϑγV
(γ)
(12β˙)
, which then induces simultaneously the same R-linear
constraint on its complex conjugate
∑
δ˙ ϑ¯δ˙V
(δ˙)
(β1˙2˙)
=
∑
δ˙ ϑ¯δ˙V
(δ)
(12β˙)
, ( equivalently, for each
α = 1, 2, introduce an R linear constraint on
∑
δ˙ ϑ¯δ˙V
(δ˙)
(α1˙2˙)
, which then induces simultane-
ously the same R-linear constraint on its complex conjugate
∑
γ ϑγV
(γ)
(12α˙) =
∑
γ ϑγV
(γ˙)
(α1˙2˙)
)
to remove a redundant degree of freedom.
· Denote this set of constrained pre-vector superfields by C∞(Xphysics)[,stc(constrained ).
Since for a pre-vector superfield in the shifted expression, the component-functions V
(α)
(12β˙)
and
V
(α)
(12β˙)
are fixed under gauge transformations, the C∞(X)-submodule C∞(Xphysics)[,stc(constrained ) of
C∞(Xphysics)[,stc is invariant under gauge transformations. And all the discussion in Sec. 3.2 on
C∞(Xphysics)[,stc applies to C∞(Xphysics)[,stc(constrained ) as well. In particular, once using a R-linear
constraints to remove the redundancies and bringing the constrained pre-vector superfield to be
in Wess-Zumino gauge, the remaining redundancy are the gauge transformations on V
(0)
[µ] , cf.
the discussion after Lemma 3.2.5. Once modding out this last class of gauge symmetries, the
remaining degrees of freedom of a pre-vector superfield in Wess-Zumino gauge match exactly
with the vector multiplet of the representations of the d = 3 + 1, N = 1 supersymmetry algebra.
To fix the notion and for the simplicity of the notation, before proceeding to the next sub-
section, we choose the following most simple R-linear constraint27 on pre-vector superfields V˘
26Note that, unlike the set of chiral functions or the set of antichiral functions on Xphysics, the set of vector
superfields on Xphysics is only required to be a C∞(X)-module, rather than a C∞(X)-algebra. Naively this is
what makes it easy. However, gauge transformations act on this module and preferably one wants to remove the
redundancy in a gauge-invariant way. Usually this may not be always easy. That, when in the shifted expressions,
these terms are themselves gauge-fixed comes to the rescue.
27Since the underlying topology R4 of the space-time X is contractible, different choices of the linear constraints
would bear no significant consequences mathematically and likely so also physically.
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in the shifted expression (and in standard coordinate functions (x, θ, θ¯, ϑ, ϑ¯)):
V
(2)
(12β˙)
(x) = V
(2˙)
(α1˙2˙)
(x) = 0 .
Definition 3.4.1. [vector superfield] A pre-vector superfield V˘ that satisfies the above con-
straint when in the shifted expression is called a vector superfield. The set of vector superfields
on Xphysics is a C∞(X)-module, denoted by C∞(Xphysics)[[,stc .
It follows that
Lemma 3.4.2. [from pre-vector superfield to vector superfield] Definition 3.2.1, Lemma 3.2.2,
Definition/Lemma 3.2.3, Lemma 3.2.4, Lemma 3.2.5, Lemma 3.3.1, and Definition 3.3.2 in
Sec. 3.2 and Sec. 3.3 remain valid with ‘pre-vector superfield’ replaced by ‘vector superfield’.
Lemma 3.4.3. [independence of coordinate functions chosen when in Wess-Zumino
gauge] When in Wess-Zumino gauge, the conditions V
(2)
(12β˙)
= V
(2˙)
(α1˙2˙)
= 0 on a pre-vector
superfield V˘ remain to hold whether one expresses V˘ in terms of the chiral coordinate functions
(x′, θ, θ¯, ϑ, ϑ¯) or antichiral coordinate functions (x′′, θ, θ¯, ϑ, ϑ¯).
Proof. This follows from the proof of Lemma 3.2.4 in Sec. 3.2.
3.5 Supersymmetric U(1) gauge theory with matter on X in terms of Xphysics
With the preparations in Sec. 3.1, Sec. 3.2, and Sec. 3.4, we are now ready to construct a super-
symmetric U(1) gauge theory with matter on X in terms of Xphysics.28
Two basic derived29 superfields: gaugino superfield and kinetic-term superfield
Unlike chiral or antichiral superfields, a vector superfield V˘ contains no components that involve
space-time derivatives. For that reason, to construct a supersymmetric action functional for
components of V˘ , one needs to work out appropriate derived superfields from V˘ first.
28Note for mathematicians. We are in no position to illuminate the original physical insight in the construction
of the supersymmetric action functional for U(1) gauge theory with matter. As in Sec. 2, our attempt here is only
to demonstrate that there is a precise (complexified, Z/2-graded) C∞-Algebraic Geometry tower construction in
which everything in Chap. VI and the part of Chap. VII on the U(1) case of [W-B] by Julius Wess & Jonathan
Bagger is accounted for and mathematically harmoniously interpreted. Nevertheless, mathematicians are highly
recommended to try [Argu: Sec. 4.3.2] of Riccardo Argurio, [G-G-R-S: Sec. 4.2.a.1] of James Gates, Jr., Marcus
Grisaru, Martin Roc˘ek, Warren Siegel, [We: Sec. 15.2] of Peter West to at least get some sense of why and from
where some quantities in this subsection are considered.
29Here, we are not using the term ‘derived’ in any deeper sense. We only mean that such superfields arise
from the combination of more basic superfields such as chiral superfields and vector superfields. For example,
the superpotential is a polynomial (or more generally holomorphic function) of chiral superfields and thus can be
regarded as a ”derived” superfield. Caution that these derived superfields may go beyond C∞(Xphysics) and lie
only in C∞(X̂̂).
45
Lemma/Definition 3.5.1. [gaugino superfield] ([W-B: Chap. VI, Eq. (6.7)])
Let V˘ ∈ C∞(Xphysics)[[,stc be a vector superfield. Define30
Wα := e2′′e1′′eα′ V˘ ( resp. W¯β˙ := e1′e2′eβ′′ V˘ )
α = 1, 2, β˙ = 1˙, 2˙. Then (1) Wα (resp. W¯β˙) is chiral (resp. antichiral). (2) Wα and W¯β˙ are
invariant under gauge transformations on V˘ .
Wα, W¯β˙ are called the gaugino superfields associated to the vector superfield V˘ .
Proof. For Statement (1),
e1′′Wα = − e2′′(e1′′)2eα′ V˘ = 0 ,
e2′′Wα = (e2′′)
2e1′′eα′ V˘ = 0
since (e1′′)
2 = (e2′′)
2 = 0. Similarly for the antichirality of W¯β˙.
For Statement (2), under a gauge transformation V˘ → V˘ −√−1(Λ˘− Λ˘†) on V˘ specified by
a chiral superfield Λ˘,
Wα → e2′′e1′′eα′(V˘ −
√−1(Λ˘− Λ˘†)) = Wα −
√−1 e2′′e1′′eα′Λ˘
= Wα −
√−1 ({e1′′ , eα′}e2′′ − e2′′eα′e1′′)Λ˘ = Wα
since Λ† is antichiral (thus, eα′Λ˘† = 0) and Λ is chiral (thus, e1′′Λ˘ = e2′′Λ˘ = 0). Similarly for
W¯β˙.
It follows that in the construction of a supersymmetric U(1)-gauge theory with matter, one
may assume that the vector superfield V˘ is in Wess-Zumino gauge, which encodes the component
fields V
(0)
[µ] , V
(α)
(12β˙)
, and V
(0)
(121˙2˙)
on X. Here, µ = 0, 1, 2, 3, α = 1, 2, β˙ = 1˙, 2˙. For V˘ in Wess-
Zumino gauge, V˘ 3 = 0 and its exponential eV˘ is simply the polynomial 1 + V˘ + 12 V˘
2 in V˘ .
Lemma/Definition 3.5.2. [gauge-invariant kinetic term for chiral superfield] Let
V˘ ∈ C∞(Xphysics)[[,stc be a vector superfield and Φ˘ be a chiral superfield on Xphysics. Then the
product
Φ˘†eV˘ Φ˘
is gauge-invariant. Since the expression of the product in (x, θ, θ¯, ϑ, ϑ¯) involves space-time
derivatives (∂µ, µ = 0, 1, 2, 3) of components of Φ˘, this product is called the gauge-invariant
kinetic term for the chiral superfield Φ˘.
Proof. By construction, under the gauge transformation specified by a chiral superfield Λ˘,
Φ˘†eV˘ Φ˘ −→ (Φ†e−
√−1 Λ˘†) eV˘−
√−1(Λ˘−Λ˘†) (e
√−1 Λ˘Φ˘)
= Φ˘† e−
√−1Λ˘†+V˘−√−1(Λ˘−Λ˘†)+√−1 Λ˘ Φ˘ = Φ˘†eV˘ Φ˘ .
30The design here is made so that Wα = V˘(α1˙2˙) + (terms of (θ, θ¯)-degree ≥ 1) and
W¯β˙ = V˘(12β˙) + (terms of (θ, θ¯)-degree ≥ 1). Caution that, while eα′ = ∂/∂θα + · · · , eβ′′ = − ∂/∂θ¯β˙ + · · · .
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Note that in general Wα, W¯β˙ only lie in C
∞(X̂̂), not in C∞(Xphysics), while Φ˘†eV˘ Φ˘ always
lies in C∞(Xphysics).
Explicit computations/formulae
The explicit expression of these derived superfields and some related products can be computed
via spinor calculus. The results are listed below.
Notations In the expressions below, the Minkowski space-time metric tensor (−,+,+,+)
is used to raise or lower the space-time index µ, ν, · · · while the ε-tensor is used to raise
or lower the spinor index α, γ, · · · , β˙, δ˙, · · · ; Fµν := ∂µV (0)[ν] −∂νV
(0)
[µ] ; δ
·· is the Kronecker δ
(when δ not served as a spinor index); εµνµ′ν′ indicates the standard volume-form on the
Minkowski space-time X with ε0123 = −1; all the summations
∑
··· are written explicitly.
• Wα: (in chiral coordinate functions (x
′, θ, θ¯, ϑ, ϑ¯) on X̂̂)
Wα = ϑ¯1˙V
(1)
(12α˙) +
∑
γ
θγ(− δγαV (0)(121˙2˙) +
√−1
∑
µ,ν
(σµσ¯ν) γα (∂µV
(0)
[ν] − ∂νV (0)[µ] ))
+ θ1θ2(2
√−1
∑
β˙,δ˙
εβ˙δ˙
∑
µ
σµ
αβ˙
∂µ(ϑ1V
(1)
(12δ˙)
)) .
• (W1W2)|θ1θ2 : (in coordinate functions x on X)
(W1W2)|θ1θ2 = − 12
∑
µ,ν
FµνFµν +
√−1
4
∑
µ,ν,µ′,ν′
εµνµ′ν′F
µνFµ
′ν′
−
√−1
2
∑
α,β˙,µ
(ϑ¯1˙V
(1˙)
(α1˙2˙)
)σ¯µ,β˙α∂µ(ϑ1V
(1)
(12β˙)
) +
1
4V
(0)
(121˙2˙)
2
.
• W¯β˙: (in antichiral coordinate functions (x
′′, θ, θ¯, ϑ, ϑ¯) on X̂̂)
W¯β˙ = ϑ1V
(1)
(12β˙)
+
∑
δ˙
θ¯δ˙(− εβ˙δ˙V (0)(121˙2˙) −
√−1
∑
δ˙′
εβ˙δ˙′
∑
µ,ν
(σ¯µσν)δ˙
′
δ˙
(∂µV
(0)
[ν] − ∂νV (0)[µ] ))
+θ¯1˙θ¯2˙(− 2√−1
∑
δ˙,γ
εβ˙δ˙σ¯
µ,δ˙γ∂µ(ϑ¯1˙V
(1)
(12γ˙))) .
• (W¯1˙W¯2˙)|θ¯1˙θ¯2˙ : (in coordinate functions x on X)
(W¯1˙W¯2˙)|θ¯1˙θ¯2˙ = −
1
2
∑
µ,ν
FµνFµν −
√−1
4
∑
µ,ν,µ′,ν′
εµνµ′ν′F
µνFµ
′ν′
+
√−1
2
∑
α,β˙,µ
∂µ(ϑ¯1˙V
(1˙)
(α1˙2˙)
)σ¯µ,β˙α(ϑ1V
(1)
(12β˙)
) +
1
4V
(0)
(121˙2˙)
2
.
• (Φ˘†eV˘ Φ˘)|θ1θ2θ¯1˙θ¯2˙ : (in coordinate functions x on X)
Φ˘†eV˘ Φ˘ = Φ˘†Φ˘ + Φ˘†V˘ Φ˘ + 12 Φ˘
†V˘ 2Φ˘
= (I) + (II) + (III) .
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Term (I) is computed in Sec. 2.2.
Term (III) = θ1θ2θ¯1˙θ¯2˙ · Φ(0)(0)Φ(0)(0)
∑
µ
V [µ];(0)V
(0)
[µ] .
Term (II)|θ1θ2θ¯1˙θ¯2˙
= Φ
(0)
(0)Φ
(0)
(0)V
(0)
(121˙2˙)
−
∑
α,γ
εαγΦ
(0)
(0)(ϑαΦ
(α)
(α))(ϑ¯1˙V
(1)
(12γ˙)) +
∑
β˙,δ˙
εβ˙δ˙Φ
(0)
(0)(ϑ¯β˙Φ
(β)
(β))(ϑ1V
(1)
(12δ˙)
)
+ 2
√−1
∑
µ
(Φ(0)(0)∂µΦ
(0)
(0) − ∂µΦ(0)(0) Φ(0)(0))V [µ];(0) −
∑
α,β˙,µ
(ϑ¯β˙Φ
(β)
(β))σ¯
µ,β˙αV
(0)
[µ] (ϑαΦ
(α)
(α)) .
Altogether
(Φ˘†eV˘ Φ˘)|θ1θ2θ¯1˙θ¯2˙
= −Φ(0)(0)Φ(0)(0) −Φ(0)(0) Φ(0)(0) + 2
∑
µ
∂µΦ
(0)
(0) ∂
µΦ
(0)
(0) + (ϑ1ϑ2Φ
(12)
(12))(ϑ¯1˙ϑ¯2˙Φ
(12)
(12))
+ 2
√−1
∑
µ
V [µ];(0)Φ
(0)
(0) ∂µΦ
(0)
(0) − 2
√−1
∑
µ
∂µΦ
(0)
(0) V
[µ],(0)Φ
(0)
(0) + (
∑
µ
V
(0)
[µ] V
[µ];(0))Φ(0)(0)Φ
(0)
(0)
−√−1
∑
µ,α,β˙
(ϑ¯β˙Φ
(β)
(β))σ¯
µ,β˙α ∂µ(ϑαΦ
(α)
(α)) +
√−1
∑
µ,α,β˙
∂µ(ϑ¯β˙Φ
(β)
(β))σ¯
µ,β˙α(ϑαΦ
(α)
(α))
−
∑
µ,α,β˙
V
(0)
[µ] (ϑ¯β˙Φ
(β)
(β))σ¯
µ,β˙α(ϑαΦ
(α)
(α))
+ Φ
(0)
(0)
∑
β˙,δ˙
εβ˙δ˙(ϑ1V
(1)
(12β˙)
)(ϑ¯δ˙Φ
(δ)
(δ))− Φ(0)(0)
∑
α,γ
εαγ(ϑ¯1˙V
(1)
(12α˙))(ϑγΦ
(γ)
(γ)) + V
(0)
(121˙2˙)
Φ
(0)
(0)Φ
(0)
(0)
= −
∑
µ
∂µ(Φ
(0)
(0) ∂
µΦ
(0)
(0) + ∂
µΦ
(0)
(0) Φ
(0)
(0))+ 4
∑
µ
∇µΦ(0)(0)∇µΦ(0)(0) + (ϑ1ϑ2Φ(12)(12))(ϑ¯1˙ϑ¯2˙Φ(12)(12))
−√−1
∑
µ,α,β˙
(ϑ¯β˙Φ
(β)
(β))σ¯
µ,β˙α∇µ(ϑαΦ(α)(α)) +
√−1
∑
µ,α,β˙
∇µ(ϑ¯β˙Φ(β)(β))σ¯µ,β˙α(ϑαΦ(α)(α))
+ Φ
(0)
(0)
∑
β˙,δ˙
εβ˙δ˙(ϑ1V
(1)
(12β˙)
)(ϑ¯δ˙Φ
(δ)
(δ))− Φ(0)(0)
∑
α,γ
εαγ(ϑ¯1˙V
(1)
(12α˙))(ϑγΦ
(γ)
(γ)) + V
(0)
(121˙2˙)
Φ
(0)
(0)Φ
(0)
(0)
where
∇µΦ(0)(0) := (∂µ −
√−1
2
V
(0)
[µ] ) Φ
(0)
(0) , ∇µΦ
(0)
(0) := (∂µ +
√−1
2
V
(0)
[µ] ) Φ
(0)
(0) ,
∇µΦ(α)(α) := (∂µ −
√−1
2
V
(0)
[µ] ) Φ
(α)
(α) , ∇µΦ
(β)
(β) := (∂µ +
√−1
2
V
(0)
[µ] ) Φ
(β)
(β)
are the covariant derivatives defined by V˘ on components of Φ˘. Note that this is consistent with
Lemma 3.2.6; cf. footnote 22.
A supersymmetric action functional for U(1) gauge theory with matter on X
Now restore the electric charge em in the discussion. Then the gauge-invariant kinetic term for
the matter chiral superfield Φ˘ becomes
Φ˘†eemV˘ Φ˘ .
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Thus, replacing Λ˘ with emΛ˘ and V˘ with emV˘ in the above discussion and computations, we
recover the charge em case we well.
Recall the standard purge-evaluation/index-contracting map P : OphysicsX → ÔX from Sec. 2.2
and redenote:
Φ(0) := Φ(0) , Φ(α) := P(ϑαΦ(α)(α)) , Φ(12) := P(ϑ1ϑ2Φ
(12)
(12)) ,
V[µ] := V
(0)
([µ]) , V(α1˙2˙) := P(ϑ¯1˙V
(1)
(12α˙)) , V(121˙2˙) := V
(0)
(121˙2˙)
.
Then, it follows from Theorem 1.5.3 that31
S2(V[0], V[1], V[2], V[3];V(11˙2˙), V(21˙2˙);V(121˙2˙); Φ(0); Φ(1),Φ(2); Φ(12))
:=
1
2g2gauge
∫
X̂
d4x dθ2dθ1P(W1W2) + 12g2gauge
∫
X̂
d4x dθ¯2˙dθ¯1˙P(W¯1˙W¯2˙)
+
1
4
∫
X̂
d4x dθ¯2˙dθ¯1˙dθ2dθ1 P(Φ˘†eemV˘ Φ˘)
+
∫
X̂
d4x dθ2dθ1 P(λΦ˘ + 1
2
mΦ˘2 + 1
3
gΦ˘3) +
∫
X̂
d4x dθ¯2˙dθ¯1˙ P(λ¯Φ˘† + 1
2
m¯(Φ˘†)2 + 1
3
g¯(Φ˘†)3)
where ggauge is the gauge coupling constant, gives a functional of the component fields
(Φ(0); Φ(α); Φ(12))α=1,2 of Φ˘ (cf. chiral matter) and (V[µ];V(α1˙2˙);V(121˙2˙))µ=0,1,2,3;α=1,2 of V˘ (cf. gauge
field) on X that is invariant under supersymmetries up to boundary terms on X.
Explicitly, up to boundary terms on X, this is the action functional (cf. [W-B: Chap. VI,
Eq. (6.13) & Chap. VII, Eq. (7.10)], with mild adjustment, cf. footnote 13.)
S2(V[0], V[1], V[2], V[3];V(11˙2˙), V(21˙2˙);V(121˙2˙); Φ(0); Φ(1),Φ(2); Φ(12))
=
∫
X
d4x (− 12g2gauge
∑
µ,ν
FµνF
µν +
√−1
2g2gauge
∑
α,β˙,µ
∂µV(α1˙2˙)σ¯
µ,β˙αV(β1˙2˙) +
1
4g2gauge
V 2
(121˙2˙)
+
∑
µ
∇µΦ(0)∇µΦ(0) −
√−1
2
∑
µ,α,β˙
Φ(β)σ¯
µ,β˙α∇µΦ(α) + 14 Φ(12)Φ(12)
+
1
4 Φ(0)
∑
β˙,δ˙
εβ˙δ˙V(12β˙)Φ(δ) −
1
4 Φ(0)
∑
α,γ
εαγV(12α˙)Φ(γ) +
1
4 V(121˙2˙)Φ(0)Φ(0)
+
∫
X
d4x(λΦ(12) +m (Φ(0)Φ(12) − Φ(1)Φ(2)) + g (Φ2(0)Φ(12) − 2 Φ(0)Φ(1)Φ(2))
+ ( complex conjugate ) ) .
where
∇µΦ(0) := (∂µ −
√−1
2
emV
(0)
[µ] ) Φ(0) , ∇µΦ(0) := (∂µ +
√−1
2
emV
(0)
[µ] ) Φ(0) ,
∇µΦ(α) := (∂µ −
√−1
2
emV
(0)
[µ] ) Φ(α) , ∇µΦ(β) := (∂µ +
√−1
2
emV
(0)
[µ] ) Φ(β)
31Note for mathematicians The coefficients are chosen to make the kinetic term of the complex scalar field Φ(0)
in the standard/normalized form:
∑
µ ∂µΦ(0)∂
µΦ(0) and the kinetic term of the gauge field V[µ] in the standard
form − 1
2g2gauge
Tr
∑
µ,ν FµνF
µν of the Yang-Mills theory with gauge coupling ggauge. One may also consider
τ
2
∫
X̂
d4x dθ2dθ1P(W1W2) + τ¯2
∫
X̂
d4x dθ¯2˙dθ¯1˙P(W¯1˙W¯2˙)
for the pure gauge term, where τ := 1
ggauge
− √−1 Θ
8pi2
is the complexified coupling constant. This will keep the
topological term
∫
X
F ∧ F to the action functional.
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are the covariant derivatives defined by V˘ on components of Φ˘. The index structure of this
explicit expression implies that this functional is indeed Lorentz invariant.
This is what underlies [W-B: Chap. VI & U(1) part of Chap. VII] of Wess & Bagger from the
aspect of (complexified Z/2-graded) C∞-Algebraic Geometry. Together with Sec. 2, physicists’
two most basic supersymmetric quantum field theories are now recast solidly into the realm of
(complexified Z/2-graded) C∞-Algebraic Geometry.
The same tower construction can be applied to superspace(-time)s of all other space(-time)
dimensions with either simple (i.e. N = 1) or extended (i.e. N ≥ 2) supersymmetries, with nec-
essary modifications dictated by the specifics of spinors in each dimension and signature. A redo
of [L-Y1] (D(14.1)) along this new setting should give a fundamental (as opposed to solitonic)
description of super D-branes parallel to Ramond-Neveu-Schwarz fundamental superstrings.
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Appendix Notations, conventions, and identities in spinor calculus
Notations, conventions, and identities in spinor calculus that are used in the current work are
collected below. See [W-B: Appendix A & Appendix B] and [Argu] for a more complete list.
• Minkowski metric: ηµν = (−+ ++).
• With the identification Spin (3, 1;R) ' SL(2;C), two-component spinors with upper or lower,
dotted or undotted indices transform as follows (α, γ = 1, 2 ; β˙, δ˙ = 1˙, 2˙)
ψ′γ =
∑
αm
α
γ ψα , ψ¯
′
δ˙
=
∑
β˙ m¯
β˙
δ˙
ψ¯β˙ ,
ψ′ γ =
∑
αm
−1 γ
α ψα , ψ¯′ δ˙ =
∑
β˙ m¯
−1 δ˙
β˙
ψ¯β˙ ,
where m ∈ SL(2;C) as 2× 2 matrices, m¯ the complex conjugate of m.
• The ε-tensor:
· ε12 = 1 = ε1˙2˙, εαγ = − εγα = − εαγ , εβ˙δ˙ = − εδ˙β˙ = − εβ˙δ˙, for α, γ = 1, 2 and β˙, γ˙ = 1˙, 2˙.
· Use of ε-tensor to raise and lower spinor indices of the same chirality:
ψγ =
∑
α ε
γαψα , ψγ =
∑
α εγαψ
α , ψ¯δ˙ =
∑
β˙ ε
δ˙β˙ψ¯β˙ , ψδ˙ =
∑
β˙ εδ˙β˙ψ¯
β˙ .
· θαθγ = εαγθ1θ2, θαθγ = −εαγθ1θ2, θβ˙θδ˙ = εβ˙γ˙θ1˙θ2˙, θβ˙θδ˙ = − εβ˙γ˙θ1˙θ2˙.
• Pauli matrices σµ and σ¯µ: σ¯µ,δ˙γ := ∑α,β˙ εδ˙β˙εγα σµαβ˙, where
σ0 =
(
−1 0
0 −1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −√−1√−1 0
)
, σ3 =
(
1 0
0 −1
)
.
· Explicitly, σ0 = σ¯0, σµ = −σ¯µ for µ = 1, 2, 3; in entries, σ0
αβ˙
= σ¯0,α˙β, σµ
αβ˙
= −σ¯µ,α˙β.
· Special relations: σµ
11˙
= σ¯µ,2˙2 and σµ
22˙
= σ¯µ,1˙1.
· θαθ¯β˙ = 12 ∑µ,γ,δ˙ θγσµ,γδ˙ θ¯δ˙ σµαβ˙ , θαθ¯β˙ = 12 ∑µ,γ,δ˙ θγσµ,γδ˙ θ¯δ˙ σ¯µ,β˙α .
· Tr ((∑µ pµσµ)(∑ν p′ν σ¯ν)) = −2 〈p, p′〉.
• Let S′, S′ be the Weyl-spinor representations and V be the vector/fundamental representation
of SO (3, 1). Then, S′ ∨ ⊗C S′′ ∨ ' V ⊗R C as SO (3, 1)-modules.
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